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Part I: Why Petz?

An attempt to motivate this workshop

Part II: Why not Petz!

An example from quantum thermodynamics
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Dénes Petz, 8.04.1953 – 6.02.2018
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Monotone Metrics and quantum �2 Divergences

A monotone metric is a Riemannian metric g

on densities s.t., for every quantum channel �,

g�(�)

�
�(A);�(A)

�
� g�(A;A):

Petz’s Classification Theorem (1996)

Every monotone metric takes the form

g(f)
� (A;B) = tr

h
A �
�
f(L�R

�1
� )R�

��1
(B)

i
where f is operator monotone with

f(t) = t f(1=t), and L�/R� are the left/right

multiplication superoperators.

The quantum �2 divergence

associated to f is defined as:

�2
f (� k�) = g(f)

� (�� �; �� �):

These different quantum �2

divergences turn out to be crucial in

quantum cryptography; for a recent

application come to Bartosz’ talk:

Bartosz Regu la

� Monday, 13:30–14:30
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Sufficiency, Equality Conditions, and the Petz Recovery Map

A quantum channel � is sufficient for f�; �g if there exists

a recovery channel R s.t. R
�
�(�)

�
= � and R

�
�(�)

�
= �.

Petz’s Sufficiency Theorem (2003)

The following are equivalent:

1 D(�(�)k�(�)) = D(�k�)

2 The Petz recovery map

R�;�(�) = �
1
2 �y

�
�(�)�

1
2 (�) �(�)�

1
2

�
�

1
2

satisfies R�;�(�(�)) = �, i.e. � is sufficient for f�; �g.

Historically often misunder-

stood as being the topic of

the question. And indeed:

Francesco Buscemi

� Monday, 15:00–16:00
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Quantum f-Divergences

For a convex function f with f(1) = 0 and

probability vectors p; q, the f -Divergence is

defined as

Df (pkq) =
X
i

qi f

�
pi
qi

�
:

Petz Quantum f-Divergence (1985–86)

For states �; � 2 Dn, define

Df (�k�) = tr
h
�1=2 f

�
L�R

�1
�

�
�1=2

i
:

Data processing:

Df (�(�)k�(�)) � Df (�k�) for

any quantum channel �.

Joint convexity in (�; �).

Classical reduction: reduces to

Df (pkq) when � and � commute.

But this not the unique generalization:

Fumio Hiai

� Thursday, 9:30–10:30
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Petz–Rényi Divergences

For probability vectors p; q, the classical Rényi

divergence of order � 2 (0; 1) [ (1;1) is

D�(pkq) =
1

�� 1
log
X
i

p�i q
1��
i :

Petz–Rényi divergence

Setting f�(t) = t� in the Petz f -divergence

gives the Petz–Rényi divergence for

� 2 (0; 1) [ (1; 2]:

D�(�k�) =
1

�� 1
log tr

�
�� �1��� :

The classical Rényi divergences are

complete in the sense that every additive

and monotone divergence can be written

as a convex combination of Rényi

divergences.

The Petz–Rényi quantum generalization

is very useful but by no means unique!

What distinguishes it?
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Quantum Hypothesis Testing and Stein’s Lemma

Given n copies of a quantum system, decide between two hypotheses:

H0 : state is �
n vs H1 : state is �
n:

A test is a measurement fTn; I � Tng with 0 � Tn � I. The two error probabilities are

�n(Tn) = tr[(I � Tn)�
n] (type I error); �n(Tn) = tr[Tn�

n] (type II error):

Quantum Stein’s Lemma (Hiai–Petz, 1991; Ogawa–Nagaoka, 2000)

Fix " 2 (0; 1) and minimize the type II error subject to �n(Tn) � ". Then

lim
n!1

� 1

n
log inf

Tn : 0�Tn�I
�n(Tn)� "

�n(Tn) = D(�k�) = tr[�(log �� log �)] :

The optimal tests are the Neyman–Pearson operators Tn = f�
n � en��
ng+ for a

suitable threshold �, and the limit is independent of ".
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Quantum Hypothesis Testing: Error Exponents

Rather than fixing " and optimising �n (Stein regime), fix a target exponential rate

D(�k�) > r > 0 for the type II error and ask how fast the type I error can decay:

�n(Tn) � e�nr; how fast does �n(Tn)! 0?

Quantum Hoeffding Bound (Hayashi, 2007; Audenaert et al., 2007)

The optimal type I error exponent is given by the quantum Hoeffding exponent:

lim
n!1

� 1

n
log inf

Tn : 0�Tn�I
�n(Tn)� e�nr

�n(Tn) = sup
�2(0;1)

�� 1

�
(r �D�(�k�)) :

The Petz–Rényi divergences for � 2 (0; 1) have operational significance.
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Quantum Hypothesis Testing: Strong Converse Exponents

Rather than fixing " and optimising �n (Stein regime), fix a target exponential rate

r > D(�k�) for the type II error and ask how fast the type I error must grow toward 1:

�n(Tn) � e�nr; how fast does �n(Tn)! 1?

Strong Converse Exponent (Mosonyi–Ogawa, 2015)

The optimal strong converse exponent is given by:

lim
n!1

� 1

n
log inf

Tn : 0�Tn�I
�n(Tn)� e�nr

�
1� �n(Tn)

�
= sup

�>1

�� 1

�

�
r � eD�(�k�)

�
:

The sandwiched Rényi divergences for � > 1 have operational significance.
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Strong Converse Exponent: Proof of the Converse

Let {Tn} be any sequence of tests with βn(Tn) ≤ e�nr. Fix α > 1. By monotonicity of D� under the binary

measurement {Tn, I − Tn}:

D�(ρ

n∥σ
n) ≥ D�

(
(1− αn)p0 + αnp1

∥∥βnq0 + (1− βn)q1

)
where the right-hand side is the classical binary divergence: 1

��1
log

[
(1− αn)

�β1��
n + α�n(1− βn)

1��].
Dropping the second term and using βn ≤ e�nr gives

D�(ρ

n∥σ
n) ≥ 1

α− 1
log

[
(1− αn)

� e�nr(1��)
]

=
α

α− 1
log(1− αn) + nr.

Rearranging and using additivity D�(ρ

n∥σ
n) = nD�(ρ∥σ):

− 1

n
log(1− αn) ≥ α− 1

α
(r −D�(ρ∥σ)) .

Taking sup�>1 yields the converse. □

The proof uses only additivity and monotonicity of D� — it applies to any quantum Rényi

divergence satisfying these two properties, in particular to both D� and eD�.
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Strong Converse Exponent: An axiomatic perspective

For all additive and monotone quantum generalizations of D�:

� 1

n
log(1� �n) � sup

�>1

�� 1

�
(r �D�(�k�)) :

We get the tightest bound for the smallest quantum generalization, which is, for � � 1
2 , the

sandwiched or minimal quantum Rényi divergence: eD�.

The appearance of sandwiched divergences in the converse can be explained by its

minimality property; in fact that is crucial in the proofs.

Can the Petz generalisation be similarly understood?
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Beyond Binary and IID Quantum Hypothesis Testing

In the classical Stein setting both hypotheses

are single states �
n and �
n. A natural

generalisation allows both the null and

alternative hypothesis to be sets:

H0 : � 2 S0 vs H1 : � 2 S1:

Such Generalized Quantum Stein’s Lemmata

are considered here:

David Sutter

� Friday, 9:30–10:30

While this generality usually only yields

regularised bounds, for certain sequences of

states we can evaluate them:

Milán Mosonyi

� Thursday, 15:00–16:00

Another direction extends the binary

decision problem to k � 2 hypotheses

simultaneously. This will also be discussed:

Hao-Chung Cheng

� Tuesday, 11:00–12:00
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Petz from Conditional Entropy Duality

For a bipartite state �AB, we may define Petz

and sandwiched conditional entropies by

H"�(AjB)� = �D�(�ABkidA 
 �B);

eH#�(AjB)� = �max
�B

eD�(�ABkidA 
 �B):

Duality Relation

For a pure tripartite state �ABC , we have

H"�(AjB)� + eH#�̂(AjC)� = 0;

where �̂ � � = 1.

But this is only a slice of a larger relation

and does not distinguish Petz entropies.

Roberto Rubboli

� Thursday, 13:30–14:30

Such duality relations also yield a duality for

operational tasks.

Joe Renes

� Friday, 15:00–16:00
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