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Communication problem: Alice wants to send one bit of information to Bob, en-
coded into a quantum system.

Alice Bob

0 7→

1 7→

ρ

ρ⊗nρn

σ

σ⊗nσn

−→
T0 = T ∈ B(H)[0,1] −→ decoded message = 0

T1 = I − T −→ decoded message = 1

Error probabilities:

type I:

type II:

ε0(T ) := Prob(decoded = 1|message = 0) = Tr ρ(I − T )ε0,n(T ) := Prob(decoded = 1|message = 0) = Tr ρ⊗n(I − T )ε0,n(T ) := Prob(decoded = 1|message = 0) = Tr ρn(I − T )

ε1(T ) := Prob(decoded = 0|message = 1) = TrσTε1,n(T ) := Prob(decoded = 0|message = 1) = Trσ⊗nTε1,n(T ) := Prob(decoded = 0|message = 1) = TrσnT

Type I can be made 0 by choosing T := I, but then type II = 1.

Vice versa, type II = 0 with T = 0, but then type I = 1.

Trade-o� between the two error probabilities.

∃T : α(T ) = 0 = β(T ) ⇐⇒ supp ρ ⊥ suppσ

Optimal asymptotics: Exponential decay, trade-o� on the level of exponents.

The exponents can be expressed by single-copy Rényi α-divergences.The exponents can be expressed by regularized Rényi α-divergences.

[Hiai, M., Ogawa 2007]Any use? Explicit formulas for some relevant class of states?Any use? Explicit formulas for some relevant class of states.

Super-exponential asymptotics?Super-exponential asymptotics. Quasifree states of fermion lattices.
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Plan

1. Quasifree states on a fermion chain.

2. Regularized Rényi divergences:

α-z, log-Euclidean, maximal, measured, integral/hockey-stick.

3. State discrimination error exponents.

4. Super-exponential discrimination of locally singular states.
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antisymmetric tensor product: φ1, . . . , φk ∈ H single-particle Hilbert space

φ1 ∧ . . . ∧ φk :=
1√
k!

∑
π∈Sk

ε(σ)φσ(1) ⊗ . . .⊗φσ(k)

antisymmetric Fock space: Γ(H) := ⊕
k∈N

span{φ1 ∧ . . . ∧ φk : φi ∈ H}︸ ︷︷ ︸
=H∧k

Creation operator: c(φ) : φ1 ∧ . . . ∧ φn 7→ φ ∧ φ1 ∧ . . . ∧ φn

CAR algebra: CAR(H) C∗-algebra generated by {c(φ) : φ ∈ H}
⊆ B(Γ(H)), = B(Γ(H)) ⇐⇒ dimH < +∞Quasi-free state on CAR(H): Q ∈ B(H)[0,1] symbol

ωQ (c(ψ1) . . . c(ψn)c(φm)∗ . . . c(φ1)
∗) = δm,n det {⟨φi |Qψj⟩}ni,j=1

Density if dimH < +∞: ω̂Q = det(I −Q)

dimH⊕
k=0

(
Q

I −Q

)⊗k
∣∣∣∣∣
H∧k

example: H∗ = H ∈ B(H) single-particle Hamiltonian

Ĥn :=

n∑
k=1

H ⊗ I[n]\{k}

∣∣∣∣∣
∧nH

second quantized Hamiltonian

e−βĤn

Tr e−βĤn

Gibbs state, quasi-free with Q =
e−βHn

I + e−βHn
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Ĥn :=

n∑
k=1

H ⊗ I[n]\{k}

∣∣∣∣∣
∧nH

second quantized Hamiltonian

e−βĤn
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Single-particle Hilbert space: ℓ2d(Z) := ℓ2(Z)⊗ Cd

Translation-invariant quasi-free state: Q =
∑d−1

a,b=0Qa,b ⊗ |a⟩⟨b|

each block Qa,b ∈ B(ℓ2(Z)) is translation-invariant ⇐⇒ Toeplitz operator

(Qa,b)k,j :=
〈
1{k}

∣∣Qa,b1{l}
〉
=

1

2π

∫
[−π,π)

e−i(k−j)xq̂a,b(x) dx, k, j ∈ Z

Q = (F ⊗I)−1

 d−1∑
a,b=0

Mq̂a,b
⊗ |a⟩ ⟨b|


︸ ︷︷ ︸

=:Mq̂

(F ⊗I) F Fourier transformation

q̂(x) :=

d−1∑
a,b=0

q̂a,b(x)⊗ |a⟩ ⟨b| ∈ B(Cd)[0,1], x ∈ [−π, π).

−→ ωq̂(x) d-dimensional local quasi-free state

Restriction onto n sites is quasi-free with symbol

Q(n) =
∑d−1

a,b=0 PnQa,bPn ⊗ |a⟩⟨b|, Pn :=
∑n−1

k=0 |1{k}⟩⟨1{k}|

Discrimination between ωQ and ωR by local measurements

⇐⇒ discrimination between ωQ(n) and ωR(n)

error asymptotics in n ?

Regularized Rényi divergences:

Dreg
α,q := lim

n→+∞

1

n
Dα,q

(
ω̂Q(n)∥ω̂R(n)

)
= ?

Qa,b commutes with Ra′,b′ ,

PnQa,bPn need not commute with PnRa′,b′Pn

Q need not commute with R
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ρ, σ density operators, α ∈ (0, 1) ∪ (1,+∞)

Qα,z(ρ∥σ) := Tr
(
ρ

α
2z σ

1−α
2z ρ

α
2z

)z

, z ∈ (0,+∞), [Audenaert, Datta 2014]

Qα,+∞(ρ∥σ) := lim
z→+∞

Qα,z(ρ∥σ) = Tr eα log ρ+(1−α) log σ log-Euclidean

Qα,geo(ρ∥σ) := Trσ
(
σ−1/2ρσ−1/2

)α

geometric [Petz, Ruskai 1998]
[Matsumoto 2011]

Dα,q(ρ∥σ) :=
1

α− 1
logQα,q(ρ∥σ) q-Rényi α-divergence

D1,q(ρ∥σ) := lim
α→1

Dα,q(ρ∥σ) =

{
Belavkin-Staszewski, q = geo,

Umegaki, everything else
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Theorem: ωQ, ωR translation-invariant quasi-free states on CAR
(
ℓ2(Z)⊗ Cd

)
cId ≤ q̂(x), r̂(x) ≤ (1− c)Id

for some c ∈ (0, 1/2). Then

Dreg
α,q(ωQ∥ωR) := lim

n→+∞

1

n
Dα,q(ω̂Q(n)∥ω̂R(n)) =

1

2π

∫ π

−π

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
dx

for every α ∈ (0,+∞) and q ∈ (0,+∞] ∪ {geo}.

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
=

α

α− 1
Tr log(I − q̂(x))− Tr log(I − r̂(x))

+
1

α− 1
Tr log

(
I +Qop

α,γ

(
q̂(x)

I − q̂(x)

∥∥∥ r̂(x)

I − r̂(x)

))

D(ω̂Q∥ω̂R) =Tr [q̂(x) (log q̂(x)− log r̂(x))

+(I − q̂(x)) (log(I − q̂(x))− log(I − r̂(x)))]

D1,geo(ω̂Q∥ω̂R) =Tr log(I − q̂(x))− Tr log(I − r̂(x))

+ Tr q̂(x) log

((
q̂(x)

I − q̂(x)

)1/2(
r̂(x)

I − r̂(x)

)−1(
q̂(x)

I − q̂(x)

)1/2
)

Proof: Szeg®-type theorems for block Toeplitz operators.

lim
n→∞

1

n
Tr f (1)(A(1)

n ) · · · f (r)(A(r)
n ) =

1

2π

∫ π

−π

Tr f (1)(â(1)(x)) · · · f (r)(â(r)(x)) dx

A(k)
n = (Pn ⊗ Id)(F ⊗Id)

−1Mâ(k)(F ⊗Id)(Pn ⊗ Id)

Remark: d = 1: ωq̂(x) and ωr̂(x) are commuting bit states

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
is the same for all q

Dreg
α,q(ωQ∥ωR) is the same for all q

asymptotically classical
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−1Mâ(k)(F ⊗Id)(Pn ⊗ Id)

Remark: d = 1: ωq̂(x) and ωr̂(x) are commuting bit states

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
is the same for all q

Dreg
α,q(ωQ∥ωR) is the same for all q

asymptotically classical



Regularized Rényi divergences

8 / 20

Theorem: ωQ, ωR translation-invariant quasi-free states on CAR
(
ℓ2(Z)⊗ Cd

)
cId ≤ q̂(x), r̂(x) ≤ (1− c)Id

for some c ∈ (0, 1/2). Then

Dreg
α,q(ωQ∥ωR) := lim

n→+∞

1

n
Dα,q(ω̂Q(n)∥ω̂R(n)) =

1

2π

∫ π

−π

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
dx

for every α ∈ (0,+∞) and q ∈ (0,+∞] ∪ {geo}.

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
=

α

α− 1
Tr log(I − q̂(x))− Tr log(I − r̂(x))

+
1

α− 1
Tr log

(
I +Qop

α,γ

(
q̂(x)

I − q̂(x)

∥∥∥ r̂(x)

I − r̂(x)

))

D(ω̂Q∥ω̂R) =Tr [q̂(x) (log q̂(x)− log r̂(x))

+(I − q̂(x)) (log(I − q̂(x))− log(I − r̂(x)))]

D1,geo(ω̂Q∥ω̂R) =Tr log(I − q̂(x))− Tr log(I − r̂(x))

+ Tr q̂(x) log

((
q̂(x)

I − q̂(x)

)1/2(
r̂(x)

I − r̂(x)

)−1(
q̂(x)

I − q̂(x)

)1/2
)

Proof: Szeg®-type theorems for block Toeplitz operators.

lim
n→∞

1

n
Tr f (1)(A(1)

n ) · · · f (r)(A(r)
n ) =

1

2π

∫ π

−π
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Measured Rényi: Dα,meas(ρ∥σ) := max{Dα(M(ρ)∥M(σ)) : M POVM}

Lemma:

Dα,α(ρ∥σ) + κ(α) log log λ∗
min(σ) ≤ Dα,meas(ρ∥σ) ≤ Dα,α(ρ∥σ), α ∈ [1/2,+∞),

Dα,1−α(ρ∥σ) + κ(α) log log λ∗
min(ρ) ≤ Dα,meas(ρ∥σ) ≤ Dα,1−α(ρ∥σ), α ∈ (0, 1/2].

pinching inequality [M., Ogawa 2013, Hayashi, Tomamichel 2014]

e| spec(σ)| → λ∗min(σ) := max{λ : σ ≥ λσ0} [Tomamichel, Hayashi 2012]

Corollary: cId ≤ q̂(x), r̂(x) ≤ (1− c)Id

Dreg
α,meas(ωQ∥ωR) = Dreg

α,ᾱ(ωQ∥ωR) =
1

2π

∫ π

−π

Dα,ᾱ

(
ω̂q̂(x)∥ω̂r̂(x)

)
dx,

ᾱ := max{α, 1− α}.



Regularized measured Rényi divergence

9 / 20

Measured Rényi: Dα,meas(ρ∥σ) := max{Dα(M(ρ)∥M(σ)) : M POVM}

Lemma:

Dα,α(ρ∥σ) + κ(α) log log λ∗
min(σ) ≤ Dα,meas(ρ∥σ) ≤ Dα,α(ρ∥σ), α ∈ [1/2,+∞),

Dα,1−α(ρ∥σ) + κ(α) log log λ∗
min(ρ) ≤ Dα,meas(ρ∥σ) ≤ Dα,1−α(ρ∥σ), α ∈ (0, 1/2].

pinching inequality [M., Ogawa 2013, Hayashi, Tomamichel 2014]

e| spec(σ)| → λ∗min(σ) := max{λ : σ ≥ λσ0} [Tomamichel, Hayashi 2012]

Corollary: cId ≤ q̂(x), r̂(x) ≤ (1− c)Id

Dreg
α,meas(ωQ∥ωR) = Dreg
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Hockey stick Rényi divergence:

Qα,hs(ρ∥σ) := α(α− 1)

[∫ 1

0

Tr(ρ− tσ)−t
α−2 dt+

∫ +∞

1

Tr(ρ− tσ)+t
α−2 dt

]


≤ Qα,1(ρ∥σ), α ∈ (0, 1),
≥ 1

2Qα,1(ρ∥σ), α ∈ (0, 1),
≤ Qα,α(ρ∥σ), α > 1,
≥ Qα,meas(ρ∥σ), α > 1.

[Hirche, Tomamichel 2023, Beigi, Hirche, Tomamichel 2025, Liu, Hirche, Cheng 2025]

Proposition: cId ≤ q̂(x), r̂(x) ≤ (1− c)Id

Dreg
α,hs(ωQ∥ωR) = Dreg

α,ᾱ(ωQ∥ωR) =
1

2π

∫ π

−π

Dα,ᾱ

(
ω̂q̂(x)∥ω̂r̂(x)

)
dx,

ᾱ := max{1, α}.
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(
ω̂q̂(x)∥ω̂r̂(x)

)
dx,
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Theorem: ωQ, ωR translation-invariant quasi-free states on CAR
(
ℓ2(Z)⊗ Cd

)
cId ≤ q̂(x), r̂(x) ≤ (1− c)Id

for some c ∈ (0, 1/2). Then

Dreg
α,q(ωQ∥ωR) := lim

n→+∞

1

n
Dα,q(ω̂Q(n)∥ω̂R(n)) =

1

2π

∫ π

−π

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
dx

for every α ∈ (0,+∞) and q ∈ (0,+∞] ∪ {geo}.

Corollary: α 7→ (α− 1)Dreg
α,1(ωQ∥ωR) (Petz-type) and

α 7→ (α− 1)Dreg
α,α(ωQ∥ωR) (sandwiched)

smooth functions on (0,+∞).

Corollary: Gärtner-Ellis theorem can be applied to obtain the exponents of the
Neyman-Pearson error probabilities.
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Theorem: direct exponent of discriminating ωQ and ωR:
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lim
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− 1

n
logωQ(I − Tn) : lim inf
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− 1

n
logωR(Tn) > r
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= sup

α∈(0,1)

α− 1

α

[
r −Dreg

α,1(ωQ∥ωR)
]

> 0 ⇐⇒ r < Dreg(ωQ∥ωR)
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Open question:
Optimal local test sequence from discriminating each ωq̂(x) vs. ωr̂(x)?
Open question: Can we relax the condition cId ≤ q̂(x), r̂(x) ≤ (1− c)Id?Extreme case: q̂(x) ⊥ r̂(x) on an interval

Super-exponential state discrimination
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Theorem: For every single-particle projection En =
∑rn

j=1
|en,j⟩⟨en,j | on

ℓ2([n])⊗ Cd there exists a test Tn ∈ B(Γ
(
ℓ2([n])⊗ Cd

)
) such that

ωQ(I − Tn) ≤
(
8TrEnQ

(n)

TrEn

)TrEn
2

, ωR(Tn) ≤
(
8TrEn(I −R(n))

TrEn

)TrEn
2

Tn is the spectral projection of the number operator

NEn
:=

rn∑
j=1

c(ej,n)c
∗(ej,n)

corresponding to eigenvalues 0, 1, . . . , ⌈TrEn/2⌉.

[Bunth, Maróti, M., Zimborás 2023]

Theorem: Assume that there exists an interval [µ, ν] ⊂ [−π, π) of positive length
such that q̂, r̂ are Lipshitz-continuous on [µ, ν], and one of the following holds:

1. For every x ∈ [µ, ν], q̂(x) and r̂(x) are orthogonal, i.e., q̂(x)r̂(x) = 0, and
r̂(x) is a non-zero projection.

2. For every x ∈ [µ, ν], Id − q̂(x) and Id − r̂(x) are orthogonal, i.e.,
(Id − q̂(x))(Id − r̂(x)) = 0, and Id − q̂(x) is a non-zero projection.

Then there exist En, n ∈ N, such that

TrEn ≥ c1n, TrEnQ
(n) ≤ c2 log n, TrEn(I −R(n)) ≤ c3 log n.

Corollary: ωQ(I − Tn) ≤ e−cn logn, ωR(Tn) ≤ e−cn logn.
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All Toeplitz operators on ℓ2(Z) commute

simultaneously diagonalized by the Fourier transform.

But their truncations do not.

Truncated Toeplitza b c
x a b
y x a


Circular on 3 sitesa b c

c a b
b c a


Simultanously diagonalized by the
discrete Fourier transform Fn.

Fn 1{k} :=
1√
n

n−1∑
j=0

ei
2π
n jk1{j}

Idea: Try to diagonalize

Q
(n)
a,b with Fn.

Note: Block Toeplitz/circular: even if the blocks are diagonalized,
the whole is not.

(FnQ
(n)
a,b F

∗
n)k,k = (q̂a,b ⋆ Φn)

(
2πk

n

)
=

∫
[−π,π)

q̂a,b

(
2πk

n
− x

)
Φn(x) dx

Φn(x) =
1

2πn

sin2(nx/2)

sin2(x/2)
Fejér kernel
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0 ≤ (FnQ
(n)
a,b F

∗
n)k,k = (q̂a,b ⋆ Φn)

(
2πk

n

)
=

∫ π

−π

q̂a,b

(
2πk

n
− x

)
Φn(x) dx

Assume: For every x ∈ [µ, ν], q̂(x) and r̂(x) are orthogonal, and r̂(x)2 = r̂(x).

En :=
∑

k∈Kn,δ

| F∗
n 1{k}⟩⟨F

∗
n 1{k}| ⊗ r̂(ϑk), Kn,δ :=

{
ϑk = 2πk

n ∈ [µ+ δ, n− δ]
}

TrEn =
∑

k∈Kn,δ

Tr r̂(ϑk) ≥ cn

Tr(EnQn) =
∑

k∈Kn,δ

TrCd [r̂(ϑk)(q̂ ⋆ Φn)(ϑk)]

=
∑

k∈Kn,δ

1

2π

∫ π

−π

Φn(y)TrCd [r̂(ϑk)q̂(ϑk − y)] dy

=
∑

k∈Kn,δ

1

2π

∫ π

−π

Φn(y)TrCd [r̂(ϑk) (q̂(ϑk − y)− q̂(ϑk))] dy ≤ c logn

Tr(En,δ(Ind −Rn)) =
∑

k∈Kn,δ

TrCd

[
r̂(ϑk)

(
Id − (Ŝnr̂)(ϑk)

)]
=

∑
k∈Kn,δ

1

2π

∫ π

−π

Φn(y)TrCd [r̂(ϑk) (Id − r̂(ϑk − y))] dy

=
∑

k∈Kn,δ

1

2π

∫ π

−π
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Orthogonality of states

Orthogonality and perfect distinguishability:

min
T∈T(H)

{Tr ρ(I − T )︸ ︷︷ ︸
=:ε0(T )

+ TrσT︸ ︷︷ ︸
=:ε1(T )

} = 1− 1

2
∥ρ− σ∥1 ,

where ∥X∥1 := Tr |X|, X ∈ B(H), is the trace-norm. In particular, we have

∃T ∈ T(H) : α(T ) = 0 = β(T ) ⇐⇒ χ(ρ∥σ) := − log

(
1− 1

2
∥ρ− σ∥1

)
= +∞

⇐⇒ ρ ⊥ σ

Rényi (α, z)-divergence of ρ and σ:

Dα,z(ρ∥σ) :=
1

α− 1
log Tr

(
ρ

α
z σ

1−α
z ρ

α
z

)z

ρ ⊥ σ ⇐⇒ Dα,z(ρ∥σ) = +∞ for some/all α ∈ (0, 1), z ∈ (0,+∞).
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Orthogonality of states

T ∈ T(H) test:

T (X) := (TrXT )|0⟩⟨0|+ (TrX(I − T ))|1⟩⟨1|,

Test-measured Rényi α-divergence

Dtest
α (ρ∥σ) := max

T∈T(H)
Dα(T (ρ)∥T (σ))

ρ ⊥ σ ⇐⇒ Dtest
α (ρ∥σ) = +∞ for some/all α ∈ (0, 1),
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Divergences for in�nite-size states

ω
(k)
[1,n] = ω⊗n

k

Dq
α strictly positive, monotone, and additive quantum Rényi α-divergence

Dq
α

(
ω(0)∥ω(1)

)
≥ Dq

α

(
ω⊗n
0 ∥ω⊗n

1

)
= nDα (ω0∥ω1) −−−−−→

n→+∞
+∞

Fuchs-van de Graaf inequality χ(ρ∥σ) ≥ 1
2D1/2,1/2(ρ∥σ)

χ(ω(0)∥ω(1)) ≥ χ(ω⊗n
0 ∥ω⊗n

1 ) ≥ 1

2
D1/2,1/2(ω

⊗n
0 ∥ω⊗n

1 ) −−−−−→
n→+∞

+∞

⇐⇒
∥∥∥ω(0) − ω(1)

∥∥∥ = 2

This gives one possible notion of orthogonality for states on a spin chain.

Any two di�erent i.i.d. states are orthogonal
=⇒ not well suited for state discrimination
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Divergences and super-exponential distinguishability

∆ = χ,Dα,z, D
test
α

∆(ω(0)∥ω(1)) := lim inf
n→+∞

1

n
∆
(
ω
(0)
[1,n]

∥∥ω(1)
[1,n]

)
,

Theorem: ω(0) and ω(1) translation-invariant states on the in�nite spin-chain
algebra B(H)Z. T.f.a.e.:

1. ω(0) and ω(1) can be super-exponentially distinguished.

2. χ
(
ω(0)

∥∥ω(1)
)
= +∞.

3. D
test

α

(
ω(0)

∥∥ω(1)
)
= +∞ for every α ∈ (0, 1).

4. D
test

α

(
ω(0)

∥∥ω(1)
)
= +∞ for some α ∈ (0, 1).

5. Dα,z

(
ω(0)

∥∥ω(1)
)
= +∞ for every α ∈ (0, 1) and every z ≥ max{α, 1− α}.

6. Dα,z

(
ω(0)

∥∥ω(1)
)
= +∞ for some α ∈ (0, 1) and some z ≥ max{α, 1− α}.

Alternative de�nition of orthogonality. ω⊗Z
0 ⊥ ω⊗Z

1 ⇐⇒ ω0 ⊥ ω1.
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Open questions

• Dreg
α,q := lim

n→+∞

1

n
Dα,q(ω̂Q(n)∥ω̂R(n)) =

1

2π

∫ π

−π

Dα,q

(
ω̂q̂(x)∥ω̂r̂(x)

)
dx

in full generality?

• What is the optimal asymptotics of error probabilities in the quasi-free
example?

• What is the optimal asymptotics of error probabilities achievable with
arbitrary correlated states on ⊗k∈ZB(Cd)?

Does it depend on the local dimension d?

• Trade-o� relations on a super-exponential scale?

Suitable regularization of Rényi divergences?

• What properties guarantee super-exponential asymptotics?

Quantitative relation to correlations?
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