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Alice Bob

O— »p To=T € B(H)p,y — decoded message =0
—

11— o Th=1-T — decoded message =1

Error probabilities:

type I: €0(T) := Prob(decoded = 1|message = 0) = Trp(I — T')
type Il: €1(T) := Prob(decoded = O|message = 1) = TroT
Type | can be made 0 by choosing T' := I, but then type Il = 1.

Vice versa, type Il =0 with T'= 0, but then type | = 1.

Trade-off between the two error probabilities.
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Optimal asymptotics: Exponential decay, trade-off on the level of exponents.

The exponents can be expressed by single-copy Rényi a-divergences.
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Binary state discrimination

Communication problem: Alice wants to send one bit of information to Bob, en-
coded into a quantum system.

Alice Bob

00— pn To=T € B(H)p,y — decoded message =0
—

1= o, Th=1-T — decoded message =1

Error probabilities:

type I: €0,n(T) := Prob(decoded = 1|message = 0) = Trp,,(I — T)
type Il €1.n(T) := Prob(decoded = 0|message = 1) = Tro,, T
Optimal asymptotics: Exponential decay, trade-off on the level of exponents.
The exponents can be expressed by regularized Rényi a-divergences.

[Hiai, M., Ogawa 2007]
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type I: €0,n(T) := Prob(decoded = 1|message = 0) = Trp,,(I — T)
type Il: €1.n(T) := Prob(decoded = 0|message = 1) = Tro,, T

Optimal asymptotics: Exponential decay, trade-off on the level of exponents.

The exponents can be expressed by regularized Rényi a-divergences.
Any use? Explicit formulas for some relevant class of states.

Super-exponential asymptotics.  Quasifree states of fermion lattices. 220
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Plan

1. Quasifree states on a fermion chain.

2. Regularized Rényi divergences:

a-z, log-Euclidean, maximal, measured, integral /hockey-stick.

3. State discrimination error exponents.

4. Super-exponential discrimination of locally singular states.

3/20



References

Gabor Maréti-Zareczky, Milan Mosonyi, Rényi divergences and binary state discrimination error
exponents for fermionic quasi-free states, arXiv:2605.31379

Gergely Bunth, Gabor Maréti, Milan Mosonyi, Zoltan Zimboras, Super-exponential
distinguishability of correlated quantum states, Letters in Mathematical Physics 113:7, 2023

Milan Mosonyi, Tomohiro Ogawa, Two approaches to obtain the strong converse exponent of
quantum hypothesis testing for general sequences of quantum states, IEEE T-IT 61:12, 2015

Milan Mosonyi, Fumio Hiai, Tomohiro Ogawa, Mark Fannes, Asymptotic distinguishability

measures for shift-invariant quasifree states of fermionic lattice systems, J. Math. Phys. 49,
072104 (2008)

4/20



References

Gabor Maréti-Zareczky, Milan Mosonyi, Rényi divergences and binary state discrimination error
exponents for fermionic quasi-free states, arXiv:2605.31379

Gergely Bunth, Gabor Maréti, Milan Mosonyi, Zoltan Zimboras, Super-exponential
distinguishability of correlated quantum states, Letters in Mathematical Physics 113:7, 2023

Milan Mosonyi, Tomohiro Ogawa, Two approaches to obtain the strong converse exponent of
quantum hypothesis testing for general sequences of quantum states, IEEE T-IT 61:12, 2015

Milan Mosonyi, Fumio Hiai, Tomohiro Ogawa, Mark Fannes, Asymptotic distinguishability
measures for shift-invariant quasifree states of fermionic lattice systems, J. Math. Phys. 49,
072104 (2008)

Previous work:

Asymptotically classical, all regularized Rényi divergences coincide

rigid example for super-exponential state discrimination

New addition:
Properly non-commutative
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antisymmetric tensor product:  ¢1,...,pr € H single-particle Hilbert space

1
OCIA.. A= 7a Z £(0)Po(1) @+ @ Po(k)

antisymmetric Fock space: I'(H) := P span{p1 A ... Ayt p; € H}
keN

—(nk
Creation operator: ) p1 A AP = OAEI AL AP,
CAR algebra: CAR(H) C*-algebra generated by {c(¢): ¢ € H}
Quasi-free state on CAR(H): Q € B(H)jo,;; symbol

w0 (1) - clthn)elpm)” - cl1)") = Sonn et {25 | Q)Y _y

dim H Q Rk
Density if dimH < +o0: Do = det(I — Q) @ (I—Q)
k=0

HAR

5/20



Fermionic systems

example: H*=H € B(H) single-particle Hamiltonian

H, = ZH@ VISINTS! second quantized Hamiltonian
k=1 APH
e—BH. e—BHn

Gibbs state, quasi-free with @

Tr e—BHn T T+ e PHn

Quasi-free state on CAR(H): Q € B(H)jo,;; symbol

wq (c(1) - c(Pn)e(om)™ .. c(p1)™) = dm,n det {{g; | Q¢j>}?7j:1

dim H Q Rk
Density if dimH < +o0: Do = det(I — Q) @ (I—Q)
k=0

HAR
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Fermion chain

Single-particle Hilbert space:  (%(Z) := (*(Z) @ C4
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each block Q,, € B(¢*(Z)) is translation-invariant <=  Toeplitz operator

1 N .
(Qap)ky = (Liky | Qapliy) = %/ )6 =0, o (2) da, k,jel
Q= (Fal)™! Z das Y| | (FeI) F Fourier transformation
a,b=0
=:Mg
d—1
a() = Y dap(@) ®|a) (b € BCHpyy,  z € [-m,7),
a,b=0
— W) d-dimensional local quasi-free state
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Fermion chain

Translation-invariant quasi-free state: Q = Za b0 Qab @ |a)(b]

Restriction onto n sites is quasi-free with symbol

QM = Zab 0 PaQupPr @ |a) (b, Pn =300 i) (Lo

Discrimination between w¢g and wg by local measurements
<= discrimination between wg ) and wpm)

error asymptotics in n ?
Qa,p commutes with Ry p,
P, Qq Py, need not commute with P, R,y P,

Q@ need not commute with R
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Rényi divergences

p, o density operators, « € (0,1) U (1,400)

Qo2 (pllo) :==Tr (p%alz;zapi) , z € (0, 4+00), [Audenaert, Datta 2014]
Qutoe(pllo) == lim_Qa(pllo) = Tre? P50+ (1-0)87  jog Euclidean

«
Qageo(pllo) :=Tro (a’l/zpa’l/Q) geometric [Petz, Ruskai 1998]

[Matsumoto 2011]
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Rényi divergences

p, o density operators, « € (0,1) U (1,400)

Qo2 (pllo) :==Tr (p%al%pi) , z € (0, 4+00), [Audenaert, Datta 2014]
Qutoe(pllo) == lim_Qa(pllo) = Tre? P50+ (1-0)87  jog Euclidean

«
Qageo(pllo) :=Tro (0’1/2;70’1/2) geometric [Petz, Ruskai 1998]

[Matsumoto 2011]

Daq(pllo) ==

1
1 log Qu.4(pllo) q-Rényi a-divergence
o —

Belavkin-Staszewski, ¢ = geo,

D = lim D =
1,4(pllo) Lim aq(pllo) {Umegakh everything else
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Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)
clg < q(x),8(x) < (1—c)la

for some ¢ € (0,1/2). Then
Dx (wQHwR) = nhm —Da,q(wQ(n) lGrm) = — Dg.q (wq ) @5 () ) dx

—+oon 2 J_,

for every a € (0, +00) and g € (0, +o0] U {geo}.
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Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)
clg < q(z),t(z) < (1—c)ly
for some ¢ € (0,1/2). Then

. . 1 ~ ~ (" ~ ~
D;%(MQHMR) = hrn 7Da,q(WQ(n)||WR(n)) = 7/ Da’q (wq(z)wa(z)) dx

n——+oo N 2 J_,

for every a € (0, +00) and g € (0, +o0] U {geo}.

«@
a—1

” . 7 Trlog (I +Qaly (1 ?(ggx) H T i(f()x)>>

D(@q|wr) =Tr[a(z) (log a(z) — log #(x))
+(I —q(x)) (log(I — q(z)) — log(I — £(x)))]

Daq (Bg(a) |@e(2)) = Trlog(I — q(z)) — Trlog(I — #(z))

_l’_
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Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)

clg < q(z),t(z) < (1 —-c)lq
for some ¢ € (0,1/2). Then
DI (wollwr) = Tim > Doy@oo [Gpe) = o [ Doy (Gato)|Bse)) de
Q n—toon 7 Q kR 27 o a,q \Wq(x #(x)

for every a € (0, +00) and g € (0, +o0] U {geo}.

Proof: Szegé-type theorems for block Toeplitz operators.

lim L Te FO (AW .. f(m(Ag)):%/j Tr FOGED () - - £ (a0 (2)) da

n—oo N

AP = (P, ® L)(F ®14) "My (F ®1) (P @ L)
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Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)
clg < q(z),t(z) < (1—c)ly
for some ¢ € (0,1/2). Then

. . 1 ~ ~ (" ~ ~
D;%(MQHMR) = nhm 7Da,q(WQ(n) ||wR(n)) = 7/ Da’q (wq(z)wa(z)) dx

—+oon 2 J_,

for every a € (0, +00) and g € (0, +o0] U {geo}.

Remark: d = 1: wg(,) and wy(,) are commuting bit states
Daq (@4(x)||@s(z)) is the same for all ¢

Die(wqllwr) is the same for all ¢

asymptotically classical

8/20



Regularized measured Rényi divergence

Measured Rényi: Dg meas(pl|0) := max{D,(M(p)||M(c)): M POVM}
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Regularized measured Rényi divergence

Measured Rényi: Dg meas(p|lo) := max{D,(M(p)|M(c)) : M POVM}
Lemma:

Daa(pllo) + (0) 10g 10g Arrin (o)
Dai—a(pllo) + £(a) Iog Iog Aruin (p)

wmeas(Pllo) < Da,a(pllo),  a€1/2,+00),

< Do
< Da,meas(p”U) < Da,l—a(ﬂ“ﬂ), RS (O7 1/2}

pinching inequality = [M., Ogawa 2013, Hayashi, Tomamichel 2014]

elspec(@)| 3 (0) :=max{\: ¢ > /\00} [Tomamichel, Hayashi 2012]

min
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Regularized measured Rényi divergence

Measured Rényi: Dg meas(p|lo) := max{D,(M(p)|M(c)) : M POVM}

Lemma:

Daa(pllo) + r(a)loglog Amin(0) < Da,meas(pll0) < Daa(pllo),  a€[1/2,400),
Da,i-a(pllo) + r(a)loglog Amin(p) < Da,meas(pllo) < Da,i-a(pllo),  a€(0,1/2].

pinching inequality = [M., Ogawa 2013, Hayashi, Tomamichel 2014]

lspec(@) . yx

min

(0) :=max{\: o0 > /\00} [Tomamichel, Hayashi 2012]

Corollary: clg < q(z),1(x) < (1 —¢)lq
T 1 " S -~
Dihenollon) = Difwollwn) = 5= [ Do (Bato1Bre) da

a := max{a, 1 — a}.

9/20



Regularized hockey stick Rényi divergences

Hockey stick Rényi divergence:
+oo

1
Quns(pllo) == ala—1) [/ Tr(p — to) _t*~2dt + Tr(p — to) (t* 2 dt
0 1
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Regularized hockey stick Rényi divergences

Hockey stick Rényi divergence:

1 “+oo
Quintolle)i=ala=1)| [ Titp—to) 2 ars [l 1o ae-2ar
0 1

< Qoz,l(PHU)a a € (Oa 1)7
> %Qa,l(p”(j)v (NS (07 1)3
< Qaal(pllo), a>1,
2 Qa,meas(pHJ)v a>1.

[Hirche, Tomamichel 2023, Beigi, Hirche, Tomamichel 2025, Liu, Hirche, Cheng 2025]
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Regularized hockey stick Rényi divergences

Hockey stick Rényi divergence:

1 “+oo
Quintolle)i=ala=1)| [ Titp—to) 2 ars [l 1o ae-2ar
0 1

< Qa,l(PHU), a € (07 1)5
> %Qa,l(p”(j)v (NS (Oa 1)3
< Qaal(pllo), a>1,
2 Qa,meas(pHJ)7 a>1.

[Hirche, Tomamichel 2023, Beigi, Hirche, Tomamichel 2025, Liu, Hirche, Cheng 2025]

Proposition: cIy < (), t(x) < (1 —¢)ly

re, re, 1 o~ o~
Dt wollwr) = Dak(wollwr) = 5— | Daa (Pae) @) de,

—T

a := max{l, a}.
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Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)
clg < q(x),8(x) < (1—c)la

for some ¢ € (0,1/2). Then
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Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)
clg < q(z),t(z) < (1—c)ly

for some ¢ € (0,1/2). Then

r o1 ~ ~ L [" ~ ~
Diiwollwr) = lm  —Dag(@oum[l0rem) = 5— /_Tr Davq (D40 [@r(e)) do

for every a € (0, +00) and g € (0, +o0] U {geo}.

Corollary: a = (a — 1)D;% (wqllwr) (Petz-type) and
a = (a—1)Dg% (wellwr) (sandwiched)

smooth functions on (0, +00).

11/20



Regularized Rényi divergences

Theorem: wq,wp translation-invariant quasi-free states on CAR (¢2(Z) @ C%)
clg < q(z),t(z) < (1—c)ly
for some ¢ € (0,1/2). Then

. . 1 ~ ~ (" ~ ~
D;%(MQHMR) = nhm 7Da,q(WQ(n) ||wR(n)) = 7/ Da’q (wq(z)wa(z)) di‘

—+oon 2 J_,

for every a € (0, +00) and g € (0, +o0] U {geo}.

Corollary: a = (a — 1)D;% (wqllwr) (Petz-type) and
a— (a—1)Dg% (wgllwr) (sandwiched)
smooth functions on (0, +00).

Corollary: Gartner-Ellis theorem can be applied to obtain the exponents of the
Neyman-Pearson error probabilities.
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Error exponents

Theorem:  direct exponent of discriminating wg and wg:

1
dy(wgllwgr) == sup{ lim ——long(I T,) : liminf —— logwr(T},) > r}

n—-+o0o n—-+o0o n

_ 1 N
= sup [r = D% (wollwr)]
ac(0,1) &

>0 <= r<D"®(wgl|lwr)
Theorem:  strong converse exponent of discriminating wg and wg:
n—-4oo

1 1
ser(wgllwr) = inf{ 3141_1 —Elong(Tn) hmmf—flogwR(T ) > r}

— L D8 (wolwn)]

= sup
a>1

>0 <= r>D"¥(wgl|lwr)

[Hayashi 2006, Nagaoka 2006, Audenaert at al. 2006, Nussbaum-Szkota 2006, M., Ogawa 2013]
[Hiai, M., Ogawa 2007, M., Ogawa 2015] 12/20
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Theorem:  direct exponent of discriminating wg and wg:
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-1 §
= sup [r = D% (wellwr)]
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>0 <= r<D"®(wgl|lwr)
Theorem:  strong converse exponent of discriminating wg and wg:

. : 1 1
ser(wo|lwr) := inf {nllﬂloo - logwg(Ty,) @ liminf —— logwR(T ) > r}

n——+00

a—1

= sup
a>1

>0 <= r>D"¥(wgl|lwr)

[r = D&e(wellwr)]

Open question:

Optimal local test sequence from discriminating each wg(,) vs. wi(x)? 1220



Error exponents

Theorem:  direct exponent of discriminating wg and wg:

o 1
dy(wgllwgr) == sup{ Erfw——long(I T,) : léglj_rg—ﬁlogwR(Tn) > r}
-1 §
= sup [r = D% (wellwr)]
ac(0,1) &

>0 <= r<D"®(wgl|lwr)
Theorem:  strong converse exponent of discriminating wg and wg:

. : 1 1
ser(wo|lwr) := inf {nllﬂloo - logwg(Ty,) @ liminf —— logwR(T ) > r}

n——+00

a—1

= sup
a>1

>0 <= r>D"¥(wgl|lwr)

[r = D&e(wellwr)]

Open question: Can we relax the condition ¢y < §(z),(x) < (1 —¢)I4?
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Error exponents

Theorem:  direct exponent of discriminating wg and wg:

1
dy(wgllwgr) == sup{ Erfw——long(I T,) : lgglj_rg—ﬁlogwR(Tn) > r}

_ 1 N
= sup [r = D% (wollwr)]
ac(0,1) &

>0 <= r<D"®(wgl|lwr)
Theorem:  strong converse exponent of discriminating wg and wg:

. : 1 1
ser(wo|lwr) := inf {nllﬂloo - logwg(Ty,) @ liminf —— logwR(T ) > r}

n——+00

o —

= sup
a>1

>0 <= r>D"¥(wgl|lwr)

L r - D28 (wo wn)]

Extreme case: q(z) L #(z) on an interval

Super-exponential state discrimination 1220



Super-exponential error asymptotics

Theorem: For every single-particle projection E,, = Zrn ) len.j){en ;| on
J:
0%([n]) ® C* there exists a test T,, € B(I'(¢*([n]) ® C?)) such that

() Tr Ep ) Tr Ep
8Tr E,Q'" 2 8Tr E,(I — R\" 2
Tr E, Tr E,

ol =T <
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Super-exponential error asymptotics

Theorem: For every single-particle projection E,, = ZT . len.j){en ;| on
]:
0%([n]) ® C* there exists a test T,, € B(I'(¢*([n]) ® C?)) such that

Tr E.

Tr Ep n
8TrE, QMY 2 8TrE, (I — R™ 2
8Tr B , wr(Ty,) < T En( )

Tr E, Tr E,

ol =T <

T, is the spectral projection of the number operator

corresponding to eigenvalues 0,1, ..., [Tr E,, /2].

[Bunth, Maréti, M., Zimboras 2023]
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Super-exponential error asymptotics

Tn
Theorem: For every single-particle projection E,, = Z]’il len,j){en. ;| on

0%([n]) ® C* there exists a test T,, € B(I'(¢*([n]) ® C?)) such that

Tr E

Tr Ep n
STr E,QM\ 2 8Tr E,(I — RM)\ 2
- <

T E, o wr(lw) < T E,

wo(I —T,) < (
Theorem: Assume that there exists an interval [u,v] C [—7,7) of positive length
such that q, are Lipshitz-continuous on [u, V], and one of the following holds:

1. For every z € [u,v], q(x) and #(z) are orthogonal, i.e., q(z)t(z) =0, and
t(z) is a non-zero projection.

2. For every x € [, V], I4 — q(x) and I; — #(x) are orthogonal, i.e.,
(Ig — q(x))(Ig — #(x)) =0, and I; — q(z) is a non-zero projection.

Then there exist E,,, n € N, such that

Tr E, > cin, Tr E,Q™ < ¢y logn, Tr E,(I — R(")) < cslogn.
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Theorem: For every single-particle projection E,, = ZT . len.j){en ;| on
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0%([n]) ® C* there exists a test T,, € B(I'(¢*([n]) ® C?)) such that

Tr E

Tr Ep n
8TrE, QMY 2 8TrE, (I — R™ 2
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ol =T <

Theorem: Assume that there exists an interval [u,v] C [—7,7) of positive length
such that q, are Lipshitz-continuous on [u, V], and one of the following holds:

1. For every z € [u,v], q(x) and #(z) are orthogonal, i.e., q(z)t(z) =0, and
t(z) is a non-zero projection.

2. For every x € [, V], I4 — q(x) and I; — #(x) are orthogonal, i.e.,
(Ig — q(x))(Ig — #(x)) =0, and I; — q(z) is a non-zero projection.

Then there exist E,,, n € N, such that
Tr E, > cin, Tr E,Q™ < ¢y logn, Tr E,(I — R(")) < cslogn.

Corollary: wo(I —T,,) < e—cnlogn) wr(Ty) < o—enlogn.
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Fourier transform

All Toeplitz operators on ¢%(Z) commute

simultaneously diagonalized by the Fourier transform.
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Fourier transform

All Toeplitz operators on ¢2(Z) commute

simultaneously diagonalized by the Fourier transform.

But their truncations do not.

Truncated Toeplitz Circular on 3 sites
a b ¢ a b ¢
r a b c a b
y T a b ¢ a

Simultanously diagonalized by the
discrete Fourier transform F,,.
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Fourier transform

All Toeplitz operators on ¢2(Z) commute

simultaneously diagonalized by the Fourier transform.

But their truncations do not.

Truncated Toeplitz

b
a
x

< 8
e o0

Idea: Try to diagonalize
QY") with F,,.

Circular on 3 sites
a b C
c a b
b ¢ a

Simultanously diagonalized by the
discrete Fourier transform F,,.
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Fourier transform

All Toeplitz operators on ¢2(Z) commute

simultaneously diagonalized by the Fourier transform.

But their truncations do not.

Truncated Toeplitz Circular on 3 sites
a b ¢ a b «
r a b c a b
y T a b ¢ a
Idea: Try to diagonalize Simultanously diagonalized by the
Q;”b) with F,,. discrete Fourier transform F,,.
n—1
— 2% ik
Fnloy = P ey

Note: Block Toeplitz/circular: even if the blocks are diagonalized,

the whole is not.
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Fourier transform

All Toeplitz operators on ¢2(Z) commute

simultaneously diagonalized by the Fourier transform.

But their truncations do not.

Truncated Toeplitz Circular on 3 sites
a b ¢ a b ¢
r a b c a b
y T a b ¢ a
Idea: Try to diagonalize Simultanously diagonalized by the
Qé”b) with F,,. discrete Fourier transform F,,.
n * N 27Tk N 27’1’]{7
(fn Qg,lz 'Fn)k,k = (Qa,b *(I)n) ( n > = / Ga,b (ﬂ - .’E) (I)n(x) dx
[—71'771')

B, (x) Lsinz(nx/Q)

= Fejér kernel
2rn sin®(z/2) !

14 /20



Fourier transform

n * N 27Tk i N 271']{7
0 < (Fn Qég Fokk = (dap* Pn) <—> = / Gab <T - :z:) ®,,(z) dz

n -7

Assume: For every z € [u,v], q(z) and #(z) are orthogonal, and #(z)? = £(z).
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Fourier transform

n * N 27Tk i N 27Tk
0 < (Fn Q,(lb) Fokk = (dap* Pn) <—> = / Gab <T - m) ®,,(z) dz

n -7

Assume: For every z € [u,v], q(z) and #(z) are orthogonal, and #(z)? = £(z).

Eai= > |FlgghFrlpy @000, Kus = {s = 25 € [u+0,n— 3]}
keEKns
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Fourier transform

n * N 27Tk i N 27Tk
0< (-Fn Ql(z,b) ]:n)k,k = (Qa,b*q)n) <> = / Ga,b <1’L - 13) (I)n(x) dz

n -7

Assume: For every z € [u,v], q(z) and #(z) are orthogonal, and #(z)? = £(z).

Eyi= ) | Fp g Fulpn| ©EW), Ko = {9r=2E € [u+6,n— 4]}
kEKp,s

TrE, = Z Tri(d;) > en
kEKnyé
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Fourier transform

n * N 27Tk i N 27Tk
0< (]:n Ql(l,b) ‘Fn)k,k = (Qa,b*q)n) <> = / Ga,b <n - 13) (I)n(x) dz

n -7

Assume: For every z € [u,v], q(z) and #(z) are orthogonal, and #(z)? = £(z).

Eyi= Y | FalghFrlinl @ 80k),  Knso= {0 = 2E € [u+6,n 0]}
k€K s

TrE, = Z Tri(d;) > en

keK, s
Te(EnQn) = D Trcs [{(06)(@x ) (05)
keEKns
- Y 5 / ) Trca (008 — ) dy
KEF.s
= 3 o [ ) e 00 (@~ 0) a0y < clogn
kEKna -
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Fourier transform

n * N 27Tk i N 27Tk
0< (Fn Ql(l,b) ]:n)k,k = (Qa,b*q)n) <> = / qa,b <n - 13) @, (z) do

n -7

Assume: For every z € [u,v], q(z) and #(z) are orthogonal, and #(z)? = £(z).

Eyi= Y | FalghFrlinl @ 80k),  Knso= {0 = 2E € [u+6,n 0]}
k€K s

TrE,= Y Tri(i)>cn
keK, s
Tr(En.s(Ing — Rn)) = Trea [f(z‘}k) ([d — (8, f)(ﬁk))]
<I>n ) Trea [£(Vk) (Ig — (9 — y))] dy

q>n ) Trea [F(0%) (B(9%) — 2(0% — )] dy

§clogn 15/20



Orthogonality of states

Orthogonality and perfect distinguishability:

. 1
qulrl(r;o{Trp(I N+ ToL}=1-5lp-oal,
::Eo(T) ::EI(T)

where || X ||, := Tr|X|, X € B(H), is the trace-norm. In particular, we have

ITeTH): o(T)=0=p(T) < x(pllo) := —log (1—;”9—0’”1) = +o0
= plo

Rényi (o, z)-divergence of p and o:

]- a l-—a a\?*
Da,Z(PHU) :a_llogTr(ng z pz)

plo << D,.(p|lo)=+oco forsome/all o€ (0,1), z € (0,400).
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Orthogonality of states

T € T(H) test:
T(X) := (Tr XT)[0){0] + (Tr X (I = T))[1)(1],
Test-measured Rényi a-divergence

D (pllr) = max. Da(T()|T())

plo <= D (pllo) =+oco0 for some/all a € (0,1),

17 /20



Divergences for infinite-size states

(k) _, ®n

Y T Yk
DY strictly positive, monotone, and additive quantum Rényi a-divergence

DY (w(O)Hw(l)) > DY (wi™ |w$™) = nDq (wo|w1) P +o0

n—-+0oo
Fuchs-van de Graaf inequality x(p||c) > D121 ,2(p||o)
n n 1 n n
X(@Pw™) > x(wf™ Jwi™) > §D1/2,1/2(W8§ lwf™) S T
< Hw(o) — w(l)H =2

This gives one possible notion of orthogonality for states on a spin chain.

Any two different i.i.d. states are orthogonal
= not well suited for state discrimination
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Divergences and super-exponential distinguishability

A = X?Da,zv-D}fSt

Z(W(O)Hw(l)) := lim inf lA ( 1 n]Hw[(ll)n]) ?

n—+oo N

Theorem: w(® and w(® translation-invariant states on the infinite spin-chain

algebra B(#H)z. T.fa.e.
1. w@ and w® can be super-exponentially distinguished.

2. Y(w(O)Hw(l)) = 4o00.

—test

3. D, (O)Hw(l)

(w +o0 for every a € (0,1).
4. D (w@[|w®) = 400 for some a € (

)=
)
WO [l ®)
)

0,1).

5. Dq.»

+oo for every a € (0,1) and every z > max{a,1 — a}.
6. D, (0,1) and some z > max{«,1 — a}.

(@ |w®) = 400 for some v € (0,1
Alternative definition of orthogonality. w Z] wi@z — wp L w;.
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Open questions

. 1 . - 1 [ - -
* D3 = lm —Dog(@goml@rm) =5 / Daq (Og(a) 1G5 (ay) da

in full generality?
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Open questions

N I ~ ~
Wrmy) = ﬂ/ Do q (Bg(a) |@p(y) do

. 1 ~
e Dre¢ .— lim ﬁqu(wQ(n)
in full generality?

® What is the optimal asymptotics of error probabilities in the quasi-free
example?

e What is the optimal asymptotics of error probabilities achievable with
arbitrary correlated states on ®yczB(C9)?

Does it depend on the local dimension d?

® Trade-off relations on a super-exponential scale?
Suitable regularization of Rényi divergences?

® What properties guarantee super-exponential asymptotics?
Quantitative relation to correlations?
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