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Overview

Preceding researches
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Quantum Rényi and f -divergences from integral representations,
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[B-H-T] S. Beigi and C. Hirche and M. Tomamichel,
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[L-H-C] P.-C. Liu, C. Hirche and H-C. Cheng,
Layer cake representations for quantum divergences,
arXiv:2507.07065, 2025.
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Basic idea

Hockey stick functions (id − t)± (t ∈ (0,+∞)) are basic components
of convex functions on (0,+∞) in the sense that any convex function
f on (0,+∞) is represented as

f (x) = f (a) + f ′(a+)(x − a) +
∫

(0,a]
(x − t)− d f ′(t) +

∫

(a,+∞)
(x − t)+ d f ′(t)

= f (a) + f ′(a−)(x − a) +
∫

(0,a)
(x − t)− d f ′(t) +

∫

[a,+∞)
(x − t)+ d f ′(t).

Once hockey stick divergences Dq
(id−t)±

(ω∥σ) are given, quantum

f -divergences are naturally introduced by the integral of Dq
(id−t)±

(ω∥σ)
by the measure d f ′.
The non-commutativity issue only appears in defining Dq

(id−t)±
(ω∥σ),

which is usually much simpler than defining quantum f -divergences
directly to general f .
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A part of joint work with Milan Mosonyi and Marco Tomamichel
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Classical f -divergences

For a convex (or concave) function f : (0,+∞) → R,

Perspective
P f (x, y) := y f (x/y), x, y ∈ (0,+∞),

Transpose
f̃ (x) := x f (1/x), x ∈ (0,+∞),

Boundary limits

f (0+) := lim
x↘0

f (x), f ′(+∞) := lim
x→∞

f (x)
x
= f̃ (0+).
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Hockey stick integral representation

P f (x, y)

= f (a)y + f ′(a+)(x − ay) +
∫

(0,a]
(x − ty)− d f ′(t) +

∫

(a,+∞)
(x − ty)+ d f ′(t)

= f (a)y + f ′(a−)(x − ay) +
∫

(0,a)
(x − ty)− d f ′(t) +

∫

[a,+∞)
(x − ty)+ d f ′(t).

Classical f -divergences

For finite positive measures p, q on a measurable space (Ω,F ),

D f (p∥q) :=
∫

Ω

P f

( dp
dµ

(ω),
dq
dµ

(ω)
)

dµ(ω)

independently of the choice of a σ-finite measure µ on (Ω,F ) with
p, q ≪ µ.
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Classical hockey stick divergennces

For (id − t)+(x) := (x − t)+ and (id − t)−(x) := (x − t)−,

D(id−t)+(p∥q)

=

∫

Ω

( dp
dµ

(ω) −
dq
dµ

(ω)
)

+

dµ(ω) = (p − tq)
({ dp

dµ
(ω) −

dq
dµ

(ω) > 0
})
,

D(id−t)−(p∥q)

=

∫

Ω

( dp
dµ

(ω) −
dq
dµ

(ω)
)

−
dµ(ω) = (tq − p)

({ dp
dµ

(ω) −
dq
dµ

(ω) ≤ 0
})
.

Hockey stick integral representation

D f (p∥q) = f (a)q(Ω) + f ′(a+)(p(Ω) − aq(Ω))

+

∫

(0,a]
D(id−t)−(p∥q) d f ′(t) +

∫

(a,+∞)
D(id−t)+(p∥q) d f ′(t).
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Notations in von Neumann algebras

M is a von Neumann algebra with the identilty 1.
M∗ is the predual ofM, i.e., the space of σ-weakly continuous (or
normal) functionals onM.
M∗,sa andM∗,≥0 are the self-adjoint and the positive parts ofM∗.
For ψ ∈M∗,sa, ψ = ψ+ − ψ− is the Jordan decomposition of ψ and
|ψ| = ψ+ + ψ− is the absolute value of ψ.
{ψ > 0} and {ψ < 0} are the support projections of ψ+ and ψ−.
{ψ ≥ 0} = 1 − {ψ < 0} = {ψ > 0} + {|ψ| = 0}.
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L1(M) and L2(M) are Haagerup’s L1- and L2-spaces.
M is standardly represented in the standard form

(
M, L2(M), J = ∗, L2(M)≥0

)
.

M∗ ! L1(M) (isometrically order-isomorphic) by the map
ψ ,→ hψ ∈ L1(M).
tr : L1(M) → C is given by tr(hψ) = ψ(1), ψ ∈M∗.

For each ω ∈M∗,≥0, h1/2
ω ∈ L2(M)≥0 and

ω(A) = tr(Ahω) =
〈

h1/2
ω , Ah1/2

ω

〉
, A ∈M.

WhenM = B(H), L1(B(H)) is the trace-class and L2(B(H)) is the
Hilbert–Schmidt class. For a trace-class operator ω ≥ 0,

Tr(Aω) = 〈
ω1/2, Aω1/2〉

HS, A ∈ B(H).
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Hockey stick divergences in von Neumann algebras

Due to non-commutativity, we can consider different types of quantum
hockey stick divergences. The following (I)–(III) are typical.
Let ω,σ ∈M∗,≥0 and t ∈ R.

(I) Petz-type hockey stick divergences

Let ∆ω,σ be Araki’s relative modular operator.

Note ∆it
ω,σξ = hit

ω ξh−it
σ for ξ ∈ L2(M) and t ∈ R.

Note For any p ≥ 0, with s(σ) := {σ > 0},

dom
(
Dp
ω,σ

)
= {ξ ∈ L2(M) : hp

ωξs(σ) = ηhp
σ for some η ∈ L2(M))s(σ)},

∆
p
ω,σξ = ∆

p
ω,σ(ξs(σ)) = η, ξ ∈ dom

(
Dp
ω,σ

)
.

We may formally write as ∆ω,σξ = hωξh−1
σ .
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With the spectral decomposition

∆ω,σ =

∫

[0,+∞)
x dEω,σ(x),

the Petz-type (or standard) hockey stick divergences are given by

DP
(id−t)+

(ω∥σ) :=
∫

(0,+∞)
(x − t)+ d∥Eω,σ(x)h1/2

σ ∥2 + ω({σ = 0}),

DP
(id−t)−

(ω∥σ) :=
∫

(0,+∞)
(x − t)− d∥Eω,σ(x)h1/2

σ ∥2 + tσ({ω = 0}).

Fumio Hiai (Tohoku University) Hockey stick f -divergences 2026, July 11 / 28



WhenM = B(H), for trace-class operators ω,σ ≥ 0 with the spectral
decompositions

ω =
∑

r≥0
rPωr , σ =

∑

s≥0
sPσs ,

the relative modular operator is given as

∆ω,σ = LωRσ−1 =
∑

r>0, s>0
rs−1LPωr

RPσs ,

where L[−] and R[−] are the the left and the right multiplications and σ−1 is
the generalized inverse. Then

DP
(id−t)±

(ω∥σ) =
∑

r≥0, s≥0
(r − t s)±Tr Pωr Pσs .

Clearly, t ,→ DP
(id−t)+

is monotone decreasing and t ,→ DP
(id−t)−

is

monotone increasing. DP
(id−t)±

(ω∥σ) are convex in t.

DP
(id−t)±

(ω∥σ) are not joint convex in ω,σ and don’t satisfy the DPI
under CPTP maps.
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(II) Measured hockey stick divergences are defined by

Dmeas
(id−t)+

(ω∥σ) := (ω − tσ)+(1) = (ω − tσ)({ω − tσ > 0})
= max{(ω − tσ)(A) : A ∈M, 0 ≤ A ≤ 1},

Dmeas
(id−t)−

(ω∥σ) := (ω − tσ)−(1) = (tσ − ω)({tσ − ω > 0})
= max{(tσ − ω)(A) : A ∈M, 0 ≤ A ≤ 1}.

Note For Ai ∈M≥0,
∑n

i=1 Ai = 1,

n∑

i=1
(ω(Ai) − tσ(Ai))± ≤

n∑

i=1
(ω − tσ)±(Ai) = (ω − tσ)±(1).

Hence,

Dmeas
(id−t)±

(ω∥σ) = max
(Ai) POVM

D(id−t)±
((ω(Ai))∥(σ(Ai)

)

= max
P∈M proj.

D(id−t)±
((ω(P), ω(P⊥))∥(σ(P),σ(P⊥))).

(I.e., 2-outcome projective measurements are sufficient.)
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Clearly, t ,→ Dmeas
(id−t)+

is monotone decreasing and t ,→ Dmeas
(id−t)−

is
monotone increasing.
Both Dmeas

(id−t)±
(ω∥σ) are jointly convex in ω,σ and convex in t ∈ R.

Dmeas
(id−t)±

satisfy DPI

Dmeas
(id−t)±

(Φ(ω)∥Φ(σ)) ≤ Dmeas
(id−t)±

(ω∥σ)

under positive trace-preserving maps Φ : M∗ → N∗.
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(III) Maximal hockey stick divergences

Let RT(ω∥σ) be the set of reverse tests for (ω,σ), i.e., the set of (p, q, Γ) of
p, q ∈ L1(Ω,F , µ)≥0 on a σ-finite measure space (Ω,F , µ) and
Γ : L1(Ω,F , µ) →M∗ is a positive trace-preserving map such that
Γ(p) = ω, Γ(q) = σ.

The maximal hockey stick divergences are defined by

Dmax
(id−t)+

(ω∥σ) := inf{D(id−t)+(p∥q) : (p, q, Γ) ∈ RT(ω,σ)},

Dmax
(id−t)−

(ω∥σ) := inf{D(id−t)−(p∥q) : (p, q, Γ) ∈ RT(ω,σ)}.
(1)

Fumio Hiai (Tohoku University) Hockey stick f -divergences 2026, July 15 / 28



Clearly, t ,→ Dmax
(id−t)+

is monotone decreasing and t ,→ Dmax
(id−t)−

is
monotone increasing.
Dmax

(id−t)±
satisfy DPI under positive trace-preserving maps

Φ : M∗ → N∗.
Matsumoto’s formulation 1 holds:

Dmax
(id−t)+

(ω∥σ) = ω(1) − max{η(1) : η ∈M∗,≥0, η ≤ ω, η ≤ tσ}
,

Dmax
(id−t)−

(ω∥σ) = tσ(1) − max{η(1) : η ∈M∗,≥0, η ≤ ω, η ≤ tσ}
.

Moreover, the infima in (1) are attained by (p, q, Γ) ∈ RT(ω,σ) with Ω
a three-point set.
Both Dmax

(id−t)±
(ω∥σ) are jointly convex in ω,σ and convex in t ∈ R.

1K. Matsumoto, A new quantum version of f -divergence, in Nagoya Winter Workshop
2015: Reality and Measurement in Algebraic Quantum Theory, 2018, pp. 229–273.
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Hockey stick f -divergences in von Neumann algebras

Let f : (0,+∞) → R be a convex (or concave) function and ω,σ ∈M∗,≥0.

Hockey stick f -divergence For q = P, meas, max, define

Dq,hs
f

(ω∥σ) := f (a)σ(1) + f ′(a+)(ω − aσ)(1)

+

∫

(0,a]
Dq

(id−t)−
(ω∥σ) d f ′(t) +

∫

(a,+∞)
Dq

(id−t)+
(ω∥σ) d f ′(t)

= f (a)σ(1) + f ′(a−)(ω − aσ)(1)

+

∫

(0,a)
Dq

(id−t)−
(ω∥σ) d f ′(t) +

∫

[a,+∞)
Dq

(id−t)+
(ω∥σ) d f ′(t)

independently of the choice of a ∈ (0,+∞).
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Dq,hs
f

(ω∥σ) is additive under direct sums.

Dmeas,hs
f

and Dmax,hs
f

are jointly convex in ω,σ.

For any convex function f on (0,+∞) and ω,σ ∈M∗,≥0 the DPI

Dmeas,hs
f

(Φ(ω)∥Φ(σ)) ≤ Dmeas,hs
f

(ω∥σ),

Dmax,hs
f

(Φ(ω)∥Φ(σ)) ≤ Dmax,hs
f

(ω∥σ)

hold under positive trace-preserving maps Φ : M∗ → N∗.

Dmeas
f
≤ Dmeas,hs

f
≤ Dmax,hs

f
≤ Dmax

f
.

Dq,hs
f

(ω∥σ) = Dq,hs
f̃

(σ∥ω).
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Proposition DP,hs
f

(ω∥σ) = DP
f
(ω∥σ) (= S f (ω∥σ)).

Note Let f be operator convex on (0,+∞).
DP

f
(ω∥σ) are jointly convex in ω,σ and satisfy the DPI under

trace-preserving maps Φ : M∗ → N∗ such that Φ∗ : N →M is a
Schwarz map.
So Dmeas

f
≤ DP

f
≤ Dmax

f
.

Dmeas,hs
f

̸≤ DP
f

when f (x) := −xφ with φ ∈ (0, 1), [B-H-T].

DP
f
≤ Dmax,hs

f
?
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Differentiability of measured hockey stick divergences

Proposition For every t ∈ R,

∂+
(
Dmeas

(id−t)+
(ω∥σ)

)
= ∂+(ω − tσ)+(1) = −σ({ω − tσ > 0}),

∂−
(
Dmeas

(id−t)+
(ω∥σ)

)
= ∂−(ω − tσ)+(1) = −σ({ω − tσ ≥ 0}).

This was shown in [L-H-C] based on the piecewise analyticity of the
eigenvalue decomposition of ω − tσ in the finite dimensional case.

Our key lemma is

Lemma For any sequence t j ↘ t0 ≥ 0 and any η ∈M∗,≥0,

η({ω − t0σ > 0}) ≤ lim inf
j→∞

η({ω − t jσ > 0}) ≤ sup
j≥1

η({ω − t jσ > 0}).
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The proof of the lemma is based on the norm continuity of
ψ ∈M∗,sa ,→ ψ+ ∈M∗,≥0, due to Kosaki 2:

∥ |ψ| − |ω| ∥ ≤ (2 ∥ψ + ω∥ ∥ψ − ω∥)1/2, ψ,ω ∈M∗.

(Note The Lipschitz continuity ∥ |ψ| − |ω| ∥ ≤ Const. ∥ψ − ω∥ is not true.)

2H. Kosaki. On the continuity of the map ϕ → |ϕ| from the predual of a W∗-algebra, J.
Funct. Anal. 59 (1984), 123–131.
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Representation from Neyman–Pearson tests

For the Neyman–Pearson test {ω − tσ > 0}, consider
F(t) := β0,t(ω∥σ) := ω({ω − tσ ≤ 0}) type I error probability,
G(t) := σ(1) − β1,t(ω∥σ) = σ({ω − tσ ≤ 0}) for type II error
probability β1,t(ω∥σ) := σ({ω − tσ > 0}).

Since F(t) = G(t) = 0 for all t ∈ (−∞, 0), we may confine our
consideration to F|[0,+∞) and G|[0,∞).

Lemma F and G are monotone increasing and right continuous
non-negative functions on [0,∞) such that

F(0) = 0, F(+∞) = ω({σ > 0}), G(0) = σ({ω = 0}), G(+∞) = σ(1).

Lemma
dF ≪ dG and

dF
dG

(x) = x, x ∈ [0,+∞).
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Lemma

D(id−t)+(dF∥dG) = D(id−t)+(dF|(0,+∞)∥dG|(0,+∞))
= Dmeas

(id−t)+
(ω∥σ) − ω({σ = 0}),

D(id−t)−(dF∥dG) = Dmeas
(id−t)−

(ω∥σ),

D(id−t)−(dF|(0,+∞)∥dG|(0,+∞)) = Dmeas
(id−t)−

(ω∥σ) − tσ({ω = 0}).

The next result extends the representation in [L-H-C].

Proposition For any convex function f : (0,+∞) → R,

Dmeas,hs
f

(ω∥σ) = D f (dF∥dG) + f ′(+∞)ω({σ = 0}),

Moreover, Dmeas,hs
f

(ω∥σ) = D f (dF∥dG) holds if one of the following
conditions hold: {ω > 0} ≤ {σ > 0}; f ′(+∞) = 0; D f (dF∥dG) = ±∞.
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Joint lower semicontinuity

Let f : (0,+∞) → R be convex.

Note (previous results)
When f is operator convex, DP

f
(ω∥σ) is jointly lower semicontinuous

in ω,σ in the σ(M∗,M)-topology.
Dmeas

f
(ω∥σ) is jointly lower semicontinuous in ω,σ in the

σ(M∗,M)-topology.
When f is operator convex, Dmax

f
(ω∥σ) is jointly lower

semicontinuous in ω,σ in the norm.

Proposition
Dmeas,hs

f
(ω∥σ) is jointly lower semicontinuous in ω,σ ∈M∗,≥0 in the

σ(M∗,M)-topology.

Dmax,hs
f

(ω∥σ) is jointly lower semicontinuous in ω,σ ∈M∗,≥0 in the
norm.
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Martingale convergence

Roughly speaking, the martingale convergence of quantum f -divergences
is an easy consequence from the monotonicity under CPTP maps and the
joint lower semicontinuity in the norm.

Proposition Assume thatM is σ-finite. Let {Mφ} be an increasing net of
unital von Neumann subalgebras ofM such that

(⋃
φMφ

)′′
=M. Let

ωφ := ω|Mφ and σφ := σ|Mφ . Then

Dmeas,hs
f

(ωφ∥σφ) ↗ Dmeas,hs
f

(ω∥σ),

Dmax,hs
f

(ωφ∥σφ) ↗ Dmax,hs
f

(ω∥σ).
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Proposition Let {eφ} be any increasing net of projections inM such that
eφ ↗ 1. Let eφωeφ := ω|eφMeφ and eφσeφ := σ|eφMeφ . Then

lim
φ

Dmeas,hs
f

(eφωeφ∥eφσeφ) = Dmeas,hs
f

(ω∥σ),

lim
φ

Dmax,hs
f

(eφωeφ∥eφσeφ) = Dmax,hs
f

(ω∥σ)

Due to the hockey stick representation of the relative entropy in the finite
dimensional case (Frenkel 3, Jenc̆ová 4, [H-T]) and the above martingale,
we have

Corollary Assume thatM is an injective (or AFD) von Neumann algebra.
Then for any ω,σ ∈M∗,≥0 the relative entropy D(ω∥σ) is equal to the
measured hockey stick f -divergence Dmeas,hs

f
(ω∥σ) for f (x) := x log x.

3P. E. Frenkel, Integral formula for quantum relative entropy implies data processing
inequality, Quantum 7 (2023), 1102; arXiv:2208.12194.

4A. Jenc̆ová, Recoverability of quantum channels via hypothesis testing,
arXiv:2303.11707, 2023.
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Sufficiency

Let Φ : M∗ → N∗ be a 2-positive trace-preserving map. Φ is said to be
sufficient (or reversible) for ω,σ if there exists a 2-positive trace-preserving
map Ψ : N∗ →M∗ such that Ψ(Φ(ω)) = ω and Ψ(Φ(σ)) = σ.

Note (Petz’ original result) Let ω,σ ∈M∗,≥0 with {ω > 0} ≤ {σ > 0}.
Then the following are equivalent:

(i) Φ is reversible for ω,σ.
(ii) DP

f
(Φ(ω)∥Φ(σ)) = DP

f
(ω∥σ) for all operator convex functions f on

(0,+∞).
(iii) DP

f
(Φ(ω)∥Φ(σ)) = DP

f
(ω∥σ) < +∞ for some operator convex function

f on (0,+∞) such that the topological support supp(d f ′) of d f ′ has a
limit point in (0,+∞).

Note This reversibility does not hold for Dmax
f

.
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Following Jenc̆ová’s approach 4 we have

Proposition Assume thatM and N are injective. Let Φ : M∗ → N∗ be
as above and ω,σ ∈M∗,≥0. Then the following conditions are equivalent:

(i) Φ is reversible for ω,σ.
(ii) Dmeas

(id−t)+
(Φ(ω)∥Φ(σ)) = Dmeas

(id−t)+
(ω∥σ) for all t ∈ (0,+∞).

(iii) ∥Φ(ω) − tΦ(σ)∥ = ∥ω − tσ∥ for all t ∈ (0,+∞).
(iv) Dmeas,hs

f
(Φ(ω)∥Φ(σ)) = Dmeas,hs

f
(ω∥σ) for all convex f on (0,+∞).

(v) Dmeas,hs
f

(Φ(ω)∥Φ(σ)) = Dmeas,hs
f

(ω∥σ) < +∞ for some convex f on
(0,+∞) with supp(d f ′) = (0,+∞).

(vi) Dmeas,hs
f

(Φ(ω)∥Φ(ω+σ2 )) = Dmeas,hs
f

(ω∥ω+σ2 ) for some convex f on
(0,+∞) such that f (0+) < +∞ and supp(d f ′) = (0,+∞).

(vii) D
(
Φ(ω)

∥∥∥Φ
(ω+σ

2

))
= D

(
ω
∥∥∥ω+σ2

)
.

Thank you for your attention
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