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Overview

Preceding researches
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Quantum Rényi and f-divergences from integral representations,
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[B-H-T] S. Beigi and C. Hirche and M. Tomamichel,
Some properties and applications of the new quantum f-divergences,
arXiv:2501.03799, 2025.

[L-H-C] P-C. Liu, C. Hirche and H-C. Cheng,
Layer cake representations for quantum divergences,
arXiv:2507.07065, 2025.
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Basic idea

@ Hockey stick functions (id — ¢).. (¢ € (0, +o0)) are basic components
of convex functions on (0, +c0) in the sense that any convex function
fon (0, +00) is represented as

f(x) = fla)+ f'(a")x - a)+ (x—0)_df'(t) + f (x =), df' (1)

(0,a] (a,+00)

= f@) + f@)x —a) + f (x = - df(t) + f (x = 1)4 df’ (D).
(0,a) [a,+00)

@ Once hockey stick divergences D? (pllo) are given, quantum

f-divergences are naturally introd(lﬁ:etz:ii by the integral of D?id—m (ollo)
by the measure df’.

@ The non-commutativity issue only appears in defining D?id—t)+ (ollo),
which is usually much simpler than defining quantum f-divergences
directly to general f.
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Plan

@ Classical f-divergences

@ Hockey stick divergences in von Neumann algebras

@ Hockey stick f-divergences in von Neumann algebras
@ Differentiability of measured hockey stick divergences
@ Representation from Neyman—Pearson tests

@ Joint lower semicontinuity

@ Martingale convergence

@ Sufficiency

A part of joint work with Milan Mosonyi and Marco Tomamichel
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Classical f-divergences

For a convex (or concave) function f : (0, +c0) = R,

Perspective
Pf(x’.)’) = yf(x/y), x,y € (0, +00),

Transpose _
f(x) = xf(l/x)’ x € (0, +00),

Boundary limits

fx) =
Y= i "(+00) := lim — = ).
JO7) := }cl{ll(l)f(x), [/ (+o00) : J}l_l’rgo - f£(0)
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Hockey stick integral representation

P(x,y)
= f@)y + f'(@*)x — ay) + L w-m-dr o+ f( = df' 0

= f@y+ @) x—an+ [ G=ty_df )+ f (x — 1)y df(2).

0,a) [a,+c0)

Classical f-divergences

For finite positive measures p, ¢ on a measurable space (2, ¥),
dp dq
D/(pllg) := f P (2L (@), L (@) dps()
o ‘\dpy du

independently of the choice of a o-finite measure p on (Q, ) with
Prq << p
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Classical hockey stick divergennces

Forid—#),(x):==(x—0yand (id — t)_(x) := (x — t)_,
Dga-s), (pllg)

dp dq _ dp dq
= L (d—ﬂ(w) - E(m))+ dp(w) = (p - tq)({a(w) - @(w) > 0}),

Dga-r_(pllg)

= () - “)) due) = tq - ({2 - Py <0
"f(ﬁ(“’)_@(w))_“w) (tg - ”({_(“’)_E“’ })

Hockey stick integral representation

Ds(pllg) = f(a)q(Q) + f'(a™)(p(Q) — aq())

+ Dia-p_(pllg) df’(t) + f Dga-y), (pllg) df'(¢).

(0,a] (@,+00)
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Notations in von Neumann algebras

@ M is a von Neumann algebra with the identilty 1.

@ M., is the predual of M, i.e., the space of o-weakly continuous (or
normal) functionals on M.

@ M, s and M, ¢ are the self-adjoint and the positive parts of M.

@ Fory € Mz, ¥ = ¢, — y_ is the Jordan decomposition of ¢ and
[¥] = ¥+ + ¢_ is the absolute value of ¥.

@ {y > 0} and {y < 0} are the support projections of ¥, and ¥ _.
o {Yy20t=1-{y <0} ={y>0}+{lyl=0}
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e L'(M) and L?(M) are Haagerup’s L'- and L2-spaces.
@ M is standardly represented in the standard form €¢— W‘g‘*‘?—

(M, L2M), T = *, LA(M)s). upto uniasg

LATWL ¢

o M, = L'(M) (isometrically order-isomorphic) by the map
¥ - hy € L'(M).

e tr : LI(M) - Cis given by tr(hy) = ¢(1), ¢ € M,.

@ For each p € M, >, h;/ Ze L*(M)sg and

— _ 1/2 1/2
p(A) = tr(Ahy) = (B, AR?), A eM.

When M = B(H), L\(B(H)) is the trace-class and L2(B(H)) is the
Hilbert—Schmidt class. For a trace-class operator p > 0,

Tr(Ap) = (p'/%, Ap"*)ys, A € B(H).
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Hockey stick divergences in von Neumann algebras

Due to non-commutativity, we can consider different types of quantum
hockey stick divergences. The following (I)—(lll) are typical.
Letp,00 € M,>pand t € R.

() Petz-type hockey stick divergences
Let A, be Araki’s relative modular operator. ( 199 71) T
. _ DP:DeL= A R
Note A &= hi'gh~ for& € LA(M)and t € R. (of ]f e‘f’ ﬁ“‘.
0,0 p°o s sekue
) Connes TQ—J\J eVt
Note For any p > 0, with s(0) := {o > 0},

dom(D? ) = {£ e LZ(M) : hp.fs((r) = nhp forsome g € L2(M))s(0)},
fXea P o

Al =N (£s(o) =n,  £edom(D ).

We may formally write as |A,o& = hp&h'|.
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With the spectral decomposition

Apo = f xdE, ;(x),
[0’+°°)

the Petz-type (or standard) hockey stick divergences are given by

Dby Pl = [ = 0 U ORI + pll = 0D,
+ (0,4+00)

Digy_y (plio) := f(o )(x — O)_dIEp s ()12 + to({p = 0}).
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When M = B(H), for trace-class operators p, o > 0 with the spectral

decompositions
p:ZrPf, (T:ZSP;T,
r>0 5>0
the relative modular operator is given as
-1 —» Nuagdy
M = LR = 3, i LRy, 7Y Igtben
r>0,5s>0 MPW

where Li_j and R|_ are the the left and the right multiplications and o1 is
the generalized inverse. Then

(pllo) = ) (r—ts).Tr PPy

r>0,s>0

(1d t)s

@ Clearly, t DP _, Is monotone decreasing and ¢ > Dfd o 18

monotone mcreasmg Dfd o

D(d B (pllo) are not joint convex in p, o and don't satisfy the DPI

under CPTP maps.
Hockey stick f-divergences 2026, duly  12/28
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(1) Measured hockey stick divergences are defined by
D (pllo) := (p = t0)4(1) = (p = to)({p = 1o > 0))
=max{(p—to)(A): AeM,0< A <1},
D (pllo) = (p = 10)-(1) = (1o = p)({to = p > 0))
= max{(toc - p)(A): Ae M, 0< A <1}

Note ForA; € My, X" Ai=1, ( POVM)

D (4D — to (4D < Y (p — t0)+(A) = (p = t)x(1).

i=1 i=1
Hence,
D, (pllo) = max  Dia-n, (p(AD)ll(e (A7)
= max Dga—p, ((0(P), p(PO))II(0(P), o(P1))).
PeM proj.

(l.e., 2-outcome projective measurements are sufficient.)
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@ Clearly, t — Dg‘;ai) is monotone decreasing and ¢ Dg‘jast) is
-0, —1)_
monotone increasing.
@ Both D?i](;ist) (pllo) are jointly convex in p, o and convex in ¢t € R.

meas H
e D dot)s satisfy DPI

D%, (@I®(0) < D™ (pllo)

under positive trace-preserving maps @ : M, — N.,.
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(1) Maximal hockey stick divergences

Let RT(pllo) be the set of reverse tests for (p, 0), i.e., the set of (p, ¢,I’) of
p,q € L\(Q, F, )0 on a o-finite measure space (Q, ¥, 1) and

I': LY(Q,F,n) - M, is a positive trace-preserving map such that
I'(p)=p,I(g) =

The maximal hockey stick divergences are defined by

?:;Xt) (P”O') - lnf{D(ld t)+(l7||4) (P, q, F) € RT(pa 0-)}’

D, (pllo) := inf{Dia-n_(pllg) : (p,4,T) € RT(p, o).
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max H H max H
@ Clearly, t D(id_m is monotone decreasing and ¢ D(id_t)_ is

monotone increasing.

° Dg‘;ft) satisfy DP| under positive trace-preserving maps

D: M, - N,.
@ Matsumoto’s formulation ! holds:
Dz, (llo) = p(1) — max{p(1) : n € M., < p, 7 < 10},

DI?;:)_(P"O') =to(l) —max{n(l) : n € M, >0, n < p, n < to}.

Moreover, the infima in (1) are attained by (p, ¢,I') € RT(p, o) with Q
a three-point set.

@ Both D;‘i‘(;‘ft) (pllo) are jointly convex in p, o and convex in ¢t € R.

K. Matsumoto, A new quantum version of f-divergence, in Nagoya Winter Workshop
2015: Reality and Measurement in Algebraic Quantum Theory, 2018, pp.229-273.
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Hockey stick f-divergences in von Neumann algebras

Let f : (0, +c0) — R be a convex (or concave) function and p, o € M, >o.

Hockey stick f-divergence For ¢ = P, meas, max, define

D™ (pllo) := f@o(M) + f'(a*)p ~ ao)(1)

v [ Dl @dros [ D wlodro
= f@o() + f'@)ip - ar))
¢ [, Dl Glodr@s [ Df, | eledro

mdependently of the choice of a € (0, +o0).
Whem £ € C*(o.@), F(1) =0, F,o‘:bam

D°" (e )= §; ¢ D (N4 EFE Dy (o118)) o
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D;{’hs(pllo-) is additive under direct sums.

Dmeas,hs

f
For any convex function f on (0, +oc0) and p, o € M, >¢ the DPI

and D}"ax’hs are jointly convex in p, 0.

DY@ (p)I0() < DT (pllo),

D?a""‘s(@(pnlcb(o)) < D;a""’s(pn«r)

hold under positive trace-preserving maps ® : M, — N,.

pmeas < Dmeas,hs < Dmax,hs < pmax_
f - f - f - f

D7 (pllo) = DI (crlp).
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Pels 1485, 1486

Proposition DPhs(pIIO') D(pllo) (= Sy(plior)).

Note Let f be operator convex on (0, +o0).
° D?(p"o‘) are jointly convex in p, o and satisfy the DPI under

trace-preserving maps ® : M, — N, suchthat ®* : N -» Misa
Schwarz map.

meas P < max.
@ So Df < Df < Df
o D;leas,hs £ D; when f(x) := —x? with @ € (0, 1), [B-H-T].

e D' < D™ 9

\__,\/-—/ ‘-—»/‘/
No 2
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Differentiability of measured hockey stick divergences

Proposition For every t € R,

.(Di (pllo) = 8.(p = 10).(1) = —o({p = to > 0),

a-(ug‘;fj)+(p||a)) =d_(p — to),(1) = —a({p — to > 0}).

This was shown in [L-H-C] based on the piecewise analyticity of the
eigenvalue decomposition of p — to in the finite dimensional case.

Our key lemma is
Lemma For any sequence ¢; \, ¢ty = 0 and any n € M, >,

n({p — too > 0}) < liminf n({p — tjo > 0}) < supn({p — tjo > 0}).
\——4&-——/

£t ({e-te>oY) L.4.c.
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The proof of the lemma is based on the norm continuity of
Y € Miga P Yy € M, >, due to Kosaki?:

Iyl = ol Il € Iy + ol Iy - 0D'?, ¢,0 € M..
(Note The Lipschitz continuity || [¢] — |w| || £ Const. || — wl| is not true.)

Kosak: - |AI-18l L= C 1A-81, YA B
<"'_:'> .. Ay A -- - ,
[a‘d.] = [O ﬂn.::*]« -\ Cﬂvf«
E 111 an papeltion werm o [ [l ok |11,

2H. Kosaki. On the continuity of the map ¢ — || from the predual of a W*-algebra, J.
Funct. Anal. 59 (1984), 123—131.
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Representation from Neyman—Pearson tests

For the Neyman—Pearson test {p — to- > 0}, consider
@ F(t) := Bos(pllo) := p({p — to < 0}) type | error probability,
@ G(t) :=0(1) = B1(pllo) = o({p — to < 0}) for type Il error
probability B1,¢(pllo) := o({p — to > 0}).

Since F(t) = G(t) = 0 for all ¢ € (—o0,0), we may confine our
consideration to Flj,+.) and Glio,eo)-

Lemma F and G are monotone increasing and right continuous
non-negative functions on [0, co) such that

F0) =0, F(+c0) =p(fo>0}), G0O0)=0{p=0}), G(+)=o0(D).

Lemma AF
dF < dG and E(x) =x, x€][0,+00).
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Lemma

Dia-r), (dF|dG) = Da-r), (dF|0,+00)dGl(0,+0))
= D (pllo) — p({o = 0}),

(id—1)+
Da-r_(dF||dG) = Dg';fst)_(pllo' )
Dia-1)_(dF)(0,+00)[1dG(0,+00)) = Dglﬁst)_(PllO' ) — to(f{p = 0}).

The next result extends the representation in [L-H-C].
Proposition For any convex function f : (0, +c0) —» R,

DY (pllo) = Dy(dFIldG) + f' (+eo)p({or = 0)),

Moreover, D;’eas’hs(plla-) = D(dF||dG) holds if one of the following
conditions hold: {p > 0} < {o > 0}; f(+c0) = 0; D(dF||dG) = co.
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Joint lower semicontinuity

Let f : (0,+00) = R be convex.

Note (previous results)
@ When f is operator convex, D;(pll(r) is jointly lower semicontinuous
in p, o in the o(M., M)-topology.
° D;‘eas(pllo-) is jointly lower semicontinuous in p, o in the
a (M., M)-topology.
@ When f is operator convex, D;‘ax(plla) is jointly lower
semicontinuous in p, o in the norm.

Proposition

o D™ (pllor) is jointly lower semicontinuous in p, o € M. s in the

o(M., M)-topology.

° D}“ax’hs(plla-) is jointly lower semicontinuous in p, o € M, 5 in the
norm.
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Martingale convergence

Roughly speaking, the martingale convergence of quantum f-divergences
is an easy consequence from the monotonicity under CPTP maps and the
joint lower semicontinuity in the norm. _

5 M Ras @ stla,
Proposition Assume that M is o-finite. Let {M,} be an increasing net of
unital von Neumann subalgebras of M such that (U, M.)"” = M. Let
Pa = PpIm, and o := olm,. Then

D™ (palira) 2 DT (pllor),
DY (palire) 7 DT (pllor).
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Proposition Let {e,} be any increasing net of projections in M such that
e /' 1. Letegpeq := ple,Me, and eq0€q 1= Ole, Me,- ThEN

lim DT (eqpealleaoeq) = D7 (pllo),

lim D;’*“""S<eapea||eaaea) = D;“”""S(pno)

Due to the hockey stick representation of the relative entropy in the finite
dimensional case (Frenkel3, Jendova?, [H-T]) and the above martingale,
we have

Corollary Assume that M is an injective (or AFD) von Neumann algebra.
Then for any p, o € M, > the relative entropy D(pl|o) is equal to the
measured hockey stick f-divergence D?eas’hs(plla-) for f(x) := xlog x.

3P. E. Frenkel, Integral formula for quantum relative entropy implies data processing
inequality, Quantum 7 (2023), 1102; arXiv:2208.12194.

4A. Jengova, Recoverability of quantum channels via hypothesis testing,
arXiv:2303.11707, 2023.
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Sufficiency

Let @ : M, — N, be a 2-positive trace-preserving map. ® is said to be
sufficient (or reversible) for p, o if there exists a 2-positive trace-preserving
map ¥ : N, - M. such that ¥(®(p)) = p and ¥(®(0)) = 0.

Note (Pé&sérﬁéﬂ%ﬁbzs%?té Let p, 0 € M, with {p > 0} < {o > 0}.
Then the following are equivalent:
(i) @ is reversible for p, 0.
(i) DE(®(p)||®(0)) = D (pllo) for all operator convex func’gi_ons fon
(0, +c0). f09) = a+ b)) + c(xﬂ)".‘..gtqwi%é&éﬂ
(i) DE(D(p)||®(0)) = DfP(pHO') < +oo for some operator convex function
J on (0, +00) such that the topological support supp(é&£) of &£ has a
limit point in (0, +0). ¢ y %4 (Thoma. prets) V':F'
I.nvuﬁwfan., fao= 3 Iog 3 “tha V.zp'(mm'cu,

Note This reversibility does not hold for D?ax. Mereare of £
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Following Jen&ova’s approach * we have
Proposition Assume that M and N are injective. Let ® : M, — N, be
as above and p, o € M, >¢. Then the following conditions are equivalent:
(i) @ is reversible for p, o
(i) D?‘d"ai) (@(p)||®P(0)) = D;“;aj) (pllo) for all £ € (0, +00).
(iii) [|1P(p) — tD(o)|| = llp — to]| for all £ € (0, +c0).
) D

(iv meas,hs(q)(p)”q)(a.)) = ?eas,hs(pllo_) for all convex f on (0, +00).

(v) D?eas’hs(d)(p)nd)(a-)) = D;‘eas’hs(p"o-) < +oo for some convex f on
(0, +00) with supp(df’) = (0, +co).

(vi) D;‘eas’hs(tl)(p)llm(’“T")) = D;'eas’hs(pllmTo) for some convex f on
(0, +00) such that £(0%) < +oco and supp(df’) = (0, +oco).

i) D(e@|e(%57)) = D(p]|57)

Thank you for your attention
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