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Outline

* Qur ArXiv paper, 2605.02203, discusses dual
composite hypotheses to outperform other
previous results. However, this setting is too
complicated to grasp the essence of our
approach.

* Jo resolve this problem, this presentation
focuses on the testing with a single composite
hypothesis and a simple hypothesis.

* This talk explains the historical backgroud and
the motivation of this setting.
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Quantum hypothesis testing

Quantum unknown state ®n on

on H®" p oro
"

Quantum measurement T, £{T,,1—T,}
Decision

* First error probability: ¢! ({l‘n) = Tr(I— T )P®n

n

+ Second error probability: £*(7,,) £ Tr T,c®"



Asymptotic Evaluation
B. (pHO') = mTin{TrTO' | Tr(I-T)p < &}

B(S‘pHO') = lim_—llogﬂg (p®” 0'®”)
= D(pHa) = Trp(logp—loga), 1>Vez20

n—o pn
Hiai-Petz 1991, Ogawa-Nagaoka 1998

However, the case with composite hypothesis is difficult.

B. (pHS) = mTin{max TrTo |Tr(I-T)p < &}

o =AY



Renyi Divergences
Petz Renyi divergence

1
DP,a(pHO-) = a—l
Information processing inequality holds for

general TP-CP with a €]0,2]

log Tr[p“c' ]

Petz 1986
Information processing inequality holds for

measurement with o €[0,)
Hayashi 2006



Hoeffding bound
B,(p|o)

1
:=lim— —log mln{Tr(I T)p®" | TrTc®" <e™}

n—»0 n

1
sup 7"‘( L(plo)-r

ae(0,1)

l-a
Sllp P,1- a(O-Hp) ¥
ae(0,1) a

Hayashi (2007, arXiv 2006), Nagaoka (20006)



Strong converse bound

B; (p|o)
;= lim— ll()g max{TrT pe" | TrTe® <e™}
n—»oo n
B (p|o)= sup E=2(r- D, ,(p|o))
ae(1,2] O Ogawa, Nagaoka (2000)

(l" _ Dp,a (,0 HO-))

Hayashi (2006)

B (pHa) > sup

ae(1,0)



Renyi Divergences
Measured Renyi divergence

D,(p|o)= sup D (P)|P))

M:POVM

Regularized measured Renyi divergence

1 - n
D, x(plo)=1im—D,(p*|o"")

Hayashi (2006)

Strong converse bound
B:(pH0')= sup = (l’— D, .(p|o))

ae(1,)
Hayashi (2006)




Renyi Divergences
Sandwitch Renyi divergence

1 1-& 1-a 5
Dy, (plo) = ——logTri(c ** po = )]
Wilde, Winter, Yang (2014),

Muller-Lennert, Dupuis, Szehr, Fehr, Tomamichel (2013)
Information processing inequality holds for
general TP-CP witha €[1/2,o)

Frank, Lieb (2013)

Strong converse bound

B (p|o)= sup ——(r—Ds,(p[0))
ac(l,o) A
Mosonyi, Ogawa (2015)

D, .(plo)=D (pllo) aecll/2,0)




Other Divergences
Reverse sandwitch Renyi divergence

Dy, . (P HO') = ﬁ Dg, . (p HO-)

1

Audenaert, Datta (2015)

a a

lOg Tr[(O_Z(l—a)pO_Z(l—a) )l—a]

D (pllo)  aell/2,0)
\DRS,a(p o) «ae€(—oo,1/2]

Warsi, Dasgupta, Hayashi (2026, arXiv 2025)

Ea,R (pHO-) =

This quantity gives generalization bounds for
gquantum learning



Other Divergences
Reverse divergence

D, (p|o) =lim D, (plo)
Audenaert, Datta (2015)

This does not satisfy information processing inequality.

Empirical-distribution-based Quantum Sanov
heorem Hayashi (2025)

This theorem discusses the joint distribution
of Schur sampling and empirical distribution
under a specific state. The exponent
appearing in this theorem is Reverse
divergence.



Hypothesis-testing-based
Sanov Theorem

B. (SHO') = mTin{TrTO' |maxTr(I-T)p < &}
PES
S@n :={p®n} ¢an :={p1®.”®pn}

PES Py oeesPpES
B(e\sua)é
1 o _on) -
lim——log 5, (5| ") =inf D(p] o)

Hayashi (2001) when S is a finite set. This paper shows the independence of the
measurement on O .

Bjelakovic, Deuschel, Kruger, Seiler, Siegmund-Schultze, Szkota (2005) when S
IS a general set



Exponential version of
hypothesis-testing-basead
Sanov Theorem
BF(SHO') =

1
lim——log mln{max Tr(I-T) p®” | TrT oc®" <e ™)

n—>0 n T

| N

2 sup

s ol

. 1-«
= sup 1nf D, 1_a(c)'Hp) r
ae(0,1) PES a

Hayashi, Ito (2025, arXiv 2023)



Generalized Stein’s lemma

-\ A N
B(e|p|5) 4 §=(5),
—1
lim—logmin{sup TrTc | Tr(I - T) p®" < g}
n—% n oes,
1 On

=lim—inf D(p~"||0)  Brandao, Plenio (2010)

n—co yp OES, Hayashi, Yamasaki (2025, arXiv 2024),

Lami (202 Xi
Assumptions ami (2025, arXiv 2024)

‘S'n ® Sm ; ‘S,n+m
. §©" does not satisfy
S, ¢ Convex these assumptions.

S contains a full rank state.



Non-convex case

When § does not satisfy the convexity, there is an
example such that

B(S‘p”ﬁ) #lim ~ inf D(p®"

n—wo pp €S,

o)

Hiai, Mosonyi, Hayashi (2009)
. =

S = {\/; | 0> +/1- pe’ |1 >} gef0,21)



Generalization of hypothesis-
testing-based
Sanov Theorem

B(g‘fua) =

1
lim— —log mln{TrT o

n—»0 n
0)(=gg§ D(p|or)

max Tr(I-T)p®" < &}

> lim~ inf D(p®"
|f 1 Qn . . 1 o On
lim—inf D(p™" |o)= lim lim—inft Dg (p

n—w p €S,
n—w p OE€S, a—>1-0 n—»o p oS,

o)

S ¢ Permutation-closed

Hayashi, Ito (2025, arXiv 2023) Separable sets



Generalized exponential version
of hypothesis-testing-based

. Sanov Theorem
BF(SHO') =

lim— ll()g min{maxTr(I-T) | TrTc®" <e™™}
n—wo T PES,
l-a .. 1, .
> sup (lim — inf Ds,a(pHO'@) )—r)

ae(0,1) A n—o g PES,

.1, on 1-a
= sup lim—inf D,;, (7" | p) r
ae(0,1) "> N PES, a

Hayashi, Ito (2025, arXiv 2023) Separable sets

S ¢ Permutation-closed



Another “generalization” of
hypothesis-testing-basead
Sanov Theorem

- . 1. ®n o
B(5\5H0')= lim — inf D(pHO' ) =inf D(pHO')
n—o g PES, PES;
Assumptions
. ®S <S5 . ) However, this
vooomm statement cannot
Syt Convex recover the original
S, contains a full rank state.  gtatement.
S, : Permutation-closed $®"4oes not satisfy
Other conditions. these assumptions.

Lami, Berta, Regula (2026, arXiv 2024), Fang, Fawzi, Fawzi (2026, arXiv 2024)



One more another
“‘generalization” of hypothesis-
testing-based Sanov Theorem

1

B(#/3|o)=1lim— inf D(p|c®") = inf D(p|o)
n—w g PES, PES

Assumptions

S : Compact This statemen.t can
. L . recover the original

S, : Permutation-invariant staterment
Existence of compatible S o satisfies these
measurements assumptions.

Hayashi (2025, arXiv 2025)



Summary of situation

B(&|3|o) = lim L inf D(p°®"

n—w pp OE€S,

o)

under convex and non-convex cases

B(¢| p|3) = lim - inf D(p®"

n—w g O€S,

o)

under the convex case.

Under the non-convex case, it is unclear o
what happen, e.g., under the case with §, =S8

To discuss this problem, we discuss the
iIntermediate case, Hoeffding bounds.



Intermediate case:
B, (o]3) = Hoeffding bound

1
lim— —log mln{Tr(I T)o® |maxTrTp<e ™}

n—>0 PES,

B, (3]) -

1
lim— —log mln{max Tr(I-T)p®" |TrTo<e ™}

n—o© n T

Although our paper considers case with dual
composite hypotheses, we consider case
with single composite hypothesis for
simplicity.

Hayashi, Fang (arXiv: 2026)

Fang, Hayashi (2026 arXiv 2025) considers case when Sn iS convex.



Two kinds of group symmetries

S, + Permutation-invariant

G : Another compact group acting on H,,
T, : Twirling of the representation of G on H,
S, G -closed, T.(S,): convex

o : G -invariant, and is a constant matrix on the
direct sum of equivalent subspaces of each
irreducible representation of G.

BF(G“§) = sup 1_(Z(limlinf DRS,a(pHO'Q@”)—r)

ae(0,1) O n—o© pp PES,

1

1-—
= sup lim—inf D¢, (a®"||p) 2,

ae(0,1) "> 1 PES, o
Hayashi, Fang (2026 arXiv)




Two kinds of group symmetries

S, + Permutation-invariant

G : Another compact group acting on ¥,

T, : Twirling of the representation of G on H,,
S,

O

: G -closed, T.(S,): convex

: G -invariant, and is a constant matrix on the
direct sum of equivalent subspaces of each
irreducible representation of @G.

B (EHG) = sup 1~a (limlinf D, (p|c®)-r)

ae(0,1) X n—®© pp PES,

.1, on 1-a
= sup lim—inf Do, (7" (p) r
ae(0,1) "> 1 PES, o

Hayashi, Fang (arXiv: 2026)




Two kinds of group symmetries

Considering the case ¥ —> +0

.1, on 1-a
sup lim—inf D,., (o7 |p) r
ae(0,1) "> 1l PES, a
1

— limlim—inf D, (6®"|p) (as a—0)

a—0 n—wo p pes,

B (S]o) - lim~inf D, ,(c®

n—o g PES,

P)

B(é|o||$) 2 limlim > inf D, (c®"

a—0 n—>x g pes, RS,1-a

P)



Example
Cyclic group (phase action)
G=U1)=][0,2r)
U@):=|0><0|+e” |1><1]|, 0€]0,27)

G actson (C*)®" as U(8)®"
o : diagonal state  p:any state

S, ={U@O)pUH))*"},
B(g‘auf) = DR(O'Hp) < D(O'Hp)



Conclusion

* WWe have reviewed the history of
development of quantum hypothesis
testing.

 We focus on the case with non-convex
hypothesis.

* We have clarified that Reverse sandwich
Renyi divergence and its limit has
operational meaning when the non-convex
hypothesis is given as a group
representation.
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