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Multiple Quantum Hypothesis Testing

Measurement

H1?

H2?

⋮  

H𝑀?POVM {Λ𝑖}𝑖=1
𝑀

Multiple 

Hypotheses

H1, H2, … , H𝑀

𝜌1

𝜌2

⋮  

𝜌𝑀

𝑝2

𝑝1 

𝑝𝑀

State

outcome H1!

 Optimal error probability

Err⋆ 𝑝1𝜌1, … , 𝑝𝑀𝜌𝑀 ≔ inf
POVM Λ𝑖 𝑖=1

𝑀
1 − σ𝑖=1

𝑀 𝑝𝑖Tr 𝜌𝑖Λ𝑖  



Holevo–Helstrom & Yuen–Kennedy–Lax Thms.

Err⋆ 𝑝1𝜌1, … , 𝑝𝑀𝜌𝑀 = σ𝑖=1
𝑀 Tr 𝑝𝑖𝜌𝑖 − inf  Tr 𝐻 ∶ 𝐻 ≥ 𝑝𝑖𝜌𝑖 

Err⋆ 𝐴, 𝐵 = Tr 𝐴 + 𝐵 − Tr 𝐴 ∨ 𝐵

𝐴1 𝐴𝑀 𝐴𝑖 𝐴𝑖

𝐴 ∧ 𝐵 ∈ argmax𝐻=𝐻† Tr 𝐻 ∶ 𝐻 ≤ 𝐴, 𝐻 ≤ 𝐵 =
𝐴 + 𝐵 − 𝐴 − B

2

= Tr 𝐴 ∧ 𝐵

𝐴 ∨ 𝐵 ∈ argmin𝐻=𝐻† Tr 𝐻 ∶ 𝐻 ≥ 𝐴, 𝐻 ≥ 𝐵 =
𝐴 + 𝐵 + 𝐴 − B

2



Chernoff Exponents

Chernoff 𝜌1, … , 𝜌𝑀 ≔ lim inf
𝑛→∞

−
1

𝑛
log Err⋆ 𝑝1𝜌1

⊗𝑛, … , 𝑝𝑀𝜌𝑀
⊗𝑛

Chernoff 𝜌1, 𝜌2 ≔ lim inf
𝑛→∞

−
1

𝑛
log Err⋆ 𝑝1𝜌1

⊗𝑛, 𝑝2𝜌2
⊗𝑛



Binary Hypothesis Testing

Quantum Chernoff Bound

Err⋆ 𝑝𝜌, ҧ𝑝𝜎 ≤ Tr 𝑝𝜌 𝛼 ҧ𝑝𝜎 1−𝛼

Nussbaum–Szkoła Lower Bound

Err⋆ 𝑝𝜌, ҧ𝑝𝜎 ≥ 1
2Err⋆ 𝑝𝑃, ҧ𝑝𝑄

Err⋆ 𝑝𝜌⊗𝑛, ҧ𝑝𝜎⊗𝑛 ≤ e−𝑛𝐶 𝜌,𝜎

Err⋆ 𝑝𝜌⊗𝑛, ҧ𝑝𝜎⊗𝑛 ≥ 1
2Err⋆ 𝑝𝑃⊗𝑛, ҧ𝑝𝑄⊗𝑛

≿ 1
2 e−𝑛𝐶 𝑃,𝑄 −𝑜 𝑛

= 1
2 e−𝑛𝐶 𝜌,𝜎 −𝑜 𝑛

𝐶 𝜌, 𝜎 ≔ sup
𝛼∈ 0,1

1 − 𝛼 𝐷𝛼(𝜌 𝜎

[Audenaert et. al.’07]

[Nussbaum–Szkoła’09]



Nussbaum–Szkoła Distributions

 (Positivity) 𝐴, 𝐵 ≥ 0 ⇒ 𝑃, 𝑄 ≥ 0; 𝐴0 ≤ 𝐵0 ⇒ 𝑃0 ≤ 𝑄0

 (Trace preserving) Tr 𝐴 = Tr 𝑃 , Tr 𝐵 = Tr 𝑄

 (Factorization) 𝐴 = 𝐴1 ⊗ 𝐴2, 𝐵 = 𝐵1 ⊗ 𝐵2

⇒ 𝑃 = 𝑃1 ⊗ 𝑃2, 𝑄 = 𝑄1 ⊗ 𝑄2

 (Petz) 𝐷𝛼(𝐴 𝐵 =
1

𝛼−1
log Tr 𝐴𝛼𝐵1−𝛼 = 𝐷𝛼(𝑃 𝑄

𝐴 = σ𝑖 𝑎𝑖|𝑢𝑖⟩⟨𝑢𝑖| 

𝑃 𝑖, 𝑗 = σ𝑖 𝑎𝑖 𝑢𝑖 𝑣𝑗
2

 , 𝑄 𝑖, 𝑗 = σ𝑗 𝑏𝑗 𝑢𝑖 𝑣𝑗
2

𝐵 = σ𝑖 𝑏𝑖|𝑣𝑖⟩⟨𝑣𝑖| 



Multiple Hypothesis Testing

≿ max
𝑖<𝑗

e−𝑛𝐶 𝜌𝑖,𝜌𝑗 −𝑜 𝑛

≥ max
𝑖<𝑗

Err⋆ 𝑝𝑖𝜌𝑖
⊗𝑛, 𝑝𝑗𝜌𝑗

⊗𝑛

Err⋆ 𝑝1𝜌1
⊗𝑛, … , 𝑝𝑀𝜌𝑀

⊗𝑛Err⋆ 𝑝1𝜌1
⊗𝑛, … , 𝑝𝑀𝜌𝑀

⊗𝑛

≤ 𝑛 + 1 2𝑑𝑀2 σ
𝑖<𝑗

e−𝑛𝐶 𝜌𝑖,𝜌𝑗

≤ 𝑛 + 1 2𝑑𝑀4 max
𝑖<𝑗

e−𝑛𝐶 𝜌𝑖,𝜌𝑗

Achievability Converse

Multiple Quantum Chernoff Bound

Err⋆ 𝑝1𝜌1, … , 𝑝𝑀𝜌𝑀 ≤ 𝑓 spec 𝜌𝑖 σ
𝑖<𝑗

e−𝑛𝐶 𝜌𝑖,𝜌𝑗



Characterizations via Petz

Chernoff 𝜌1, … , 𝜌𝑀 = 𝐶 𝜌1, … , 𝜌𝑀 ≔ min
𝑖≠𝑗

𝐶 𝜌𝑖 , 𝜌𝑗

Chernoff 𝜌1, 𝜌2 = 𝐶 𝜌1, 𝜌2 ≔ sup
𝛼∈ 0,1

1 − 𝛼 𝐷𝛼(𝜌1 𝜌2



Multiple Chernoff Bound in Infinite Dimensions?





Relation to Composite Hypothesis Testing

Chernoff 𝜌, 𝜎, 𝜏 ≤ 𝐶 𝜌, 𝜎 ∧ 𝐶 𝜌, 𝜏Chernoff 𝜌, 𝜎, 𝜏 ≤

Chernoff 𝜌, 𝜎, 𝜏 = min

Chernoff 𝜌, 𝜎, 𝜏

Chernoff 𝜎, 𝜌, 𝜏

Chernoff 𝜏, 𝜎, 𝜌

Chernoff 𝜌, 𝜎, 𝜏 ≔

lim inf
𝑛→∞

−
1

𝑛
log inf

0≤𝑇≤𝐼
𝑝1Tr 𝜌⊗𝑛(𝐼 − 𝑇) + 𝑝2 ⋅ Tr 𝜎⊗𝑛𝑇 ∨ Tr 𝜏⊗𝑛𝑇



Strictness

∀ 𝜎, 𝜏 , ∃𝜌 ∶ Chernoff 𝜌, 𝜎, 𝜏 < 𝐶 𝜌, 𝜎 ∧ 𝐶 𝜌, 𝜏

Chernoff 𝜌, 𝜎, 𝜏 = min

𝐶 𝜌, 𝜎

𝐶 𝜌, 𝜏

𝐶 𝜎, 𝜏

If further   Chernoff 𝜎, 𝜌, 𝜏 < 𝐶 𝜎, 𝜌 ∧ 𝐶 𝜎, 𝜏



Interesting Observations

ቊ
Chernoff 𝜌, 𝜎, 𝜏 ≤ Chernoff 𝜎, 𝜌, 𝜏

Chernoff 𝜌, 𝜎, 𝜏 ≤ Chernoff 𝜏, 𝜌, 𝜎
At lease one of “≤” 

must be “=“

𝜌

𝜎 𝜏

Chernoff 𝜌, 𝜎, 𝜏 < 𝐶 𝜌, 𝜎 ∧ 𝐶 𝜌, 𝜏
 

𝐶 𝜌, 𝜎 𝐶 𝜌, 𝜏

𝐶 𝜎, 𝜏

𝐶 𝜎, 𝜏 = 𝐶 𝜌, 𝜎, 𝜏
⇒ Chernoff 𝜎, 𝜌, 𝜏 = Chernoff 𝜏, 𝜌, 𝜎 = 𝐶(𝜎, 𝜏)

⇒ 𝐶 𝜎, 𝜏 = 𝐶 𝜌, 𝜎, 𝜏

⇒ Chernoff 𝜎, 𝜌, 𝜏 = Chernoff 𝜏, 𝜌, 𝜎 = 𝐶(𝜎, 𝜏)



Summary so far

Multiple Quantum Chernoff Bound

Err⋆ 𝑝1𝜌1, … , 𝑝𝑀𝜌𝑀 ≤ 𝑓 spec 𝜌𝑖 σ
𝑖<𝑗

e−𝑛𝐶 𝜌𝑖,𝜌𝑗

Quantum Chernoff Bound

Err⋆ 𝑝𝜌, ҧ𝑝𝜎 ≤ Tr 𝑝𝜌 𝛼 ҧ𝑝𝜎 1−𝛼

Nussbaum–Szkoła Lower Bound

Err⋆ 𝑝𝜌, ҧ𝑝𝜎 ≥ 1
2Err⋆ 𝑝𝑃, ҧ𝑝𝑄

𝑓 spec 𝜌𝑖 =
25

4
𝑀 − 1 2 max

𝑖=1,…,𝑀
spec 𝜌𝑖

2 + 3 4



Part I: One-Shot Pairwise Bound



One-Shot Pairwise Bounds

Err⋆ 𝐴1, … , 𝐴𝑀 ≤ 4 ෍

𝑖<𝑗

Err⋆ 𝑃𝑖𝑗 , 𝑄𝑖𝑗

 Let 𝐴1, … , 𝐴𝑀 be positive semidefinite trace-class operators, and let

(𝑃𝑖𝑗 , 𝑄𝑖𝑗) be the Nussbaum–Szkoła distributions of the pair 𝐴𝑖 , 𝐴𝑗 .   

≤ ቊ
8 σ𝑖<𝑗 Err⋆ 𝐴𝑖 , 𝐴𝑗  

4 σ𝑖<𝑗 Tr 𝐴1−𝑠𝑖𝑗𝐵𝑠𝑖𝑗  

 Multiple Quantum Chernoff bound for i.i.d. 𝐴𝑖 = 𝑝𝑖𝜌𝑖
⊗𝑛 

Err⋆ 𝑝1𝜌1
⊗𝑛, … , 𝑝𝑀𝜌𝑀

⊗𝑛 ≤ 4 𝑀 − 1 e−𝑛 𝐶 𝜌1,…,𝜌𝑀



Step 1: Fine-Graining

𝐴1

𝐴2

𝐴𝑀

⋮



Step 1: Fine-Graining

𝐴1 = 𝜆11𝑄11 + 𝜆12𝑄12 + ⋯ + 𝜆1𝑘𝑄1𝑘 + ⋯ + 𝜆1𝑑𝑄1𝑑

𝐴2 = 𝜆21𝑄21 + 𝜆22𝑄22 + ⋯ + 𝜆2𝑘𝑄2𝑘 + ⋯ + 𝜆2𝑑𝑄1𝑑

𝐴𝑀 = 𝜆𝑀1𝑄𝑀1 + 𝜆𝑀2𝑄𝑀2 + ⋯ + 𝜆𝑀𝑘𝑄𝑀𝑘 + ⋯ + 𝜆𝑀𝑑𝑄𝑀𝑑

⋮



Step 1: Fine-Graining

𝜆𝑖𝑘, 𝑄𝑖𝑘 𝑖𝑘

s.t. 𝜆1 ≥ 𝜆2 ≥ 𝜆3 …

= σ𝑚:𝑖 𝑚 =𝑖 𝜆𝑚𝑄𝑚 

𝜆1, 𝑄1 , 𝜆2, 𝑄2 , …

⇒ 𝐴𝑖 = σ𝑘 𝜆𝑖𝑘𝑄𝑖𝑘 



Step 1: Fine-Graining

Err⋆ 𝜆1𝑄1, … , 𝜆𝑁𝑄𝑁Err⋆ 𝐴1, … , 𝐴𝑀 ≤



Step 2: POVM Construction

𝐸𝑁 =

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1𝑄𝑁
ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸1 =

𝐸2 =

𝐸𝑚 =

𝑄1

ത𝑄1𝑄2
ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1
ത𝑄𝑁

ത𝑄𝑁−1 ⋯ ത𝑄1𝐸0 =

𝐸𝑁−1 = ത𝑄1 ⋯ ത𝑄𝑁−2𝑄𝑁−1
ത𝑄𝑁−2 ⋯ ത𝑄1

⋮

⋮

ത𝑄𝑚−1 ≔ 𝐼 − 𝑄𝑚 



Step 2: POVM Construction

𝐸𝑁 =

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1𝑄𝑁
ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸1 =

𝐸2 =

𝐸𝑚 =

𝑄1

ത𝑄1𝑄2
ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1
ത𝑄𝑁

ത𝑄𝑁−1 ⋯ ത𝑄1𝐸0 =
ത𝑄1 ⋯ ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸𝑁−1 = ത𝑄1 ⋯ ത𝑄𝑁−2𝑄𝑁−1
ത𝑄𝑁−2 ⋯ ത𝑄1

⋮

⋮

ത𝑄𝑚−1 ≔ 𝐼 − 𝑄𝑚 



Step 2: POVM Construction

𝐸𝑁 =

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1𝑄𝑁
ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸1 =

𝐸2 =

𝐸𝑚 =

𝑄1

ത𝑄1𝑄2
ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1
ത𝑄𝑁

ത𝑄𝑁−1 ⋯ ത𝑄1𝐸0 =

ത𝑄1 ⋯ ത𝑄𝑁−2 ⋯ ത𝑄1

𝐸𝑁−1 = ത𝑄1 ⋯ ത𝑄𝑁−2𝑄𝑁−1
ത𝑄𝑁−2 ⋯ ത𝑄1

⋮

⋮

ത𝑄𝑚−1 ≔ 𝐼 − 𝑄𝑚 



Step 2: POVM Construction

𝐸𝑁 =

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1𝑄𝑁
ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸1 =

𝐸2 =

𝐸𝑚 =

𝑄1

ത𝑄1𝑄2
ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1
ത𝑄𝑁

ത𝑄𝑁−1 ⋯ ത𝑄1𝐸0 =

ത𝑄1 ⋯ ത𝑄𝑚−1 ⋯ ത𝑄1

𝐸𝑁−1 = ത𝑄1 ⋯ ത𝑄𝑁−2𝑄𝑁−1
ത𝑄𝑁−2 ⋯ ത𝑄1

⋮

⋮

ത𝑄𝑚−1 ≔ 𝐼 − 𝑄𝑚 



Step 2: POVM Construction

𝐸𝑁 =

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1𝑄𝑁
ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸1 =

𝐸2 =

𝐸𝑚 =

𝑄1

ത𝑄1𝑄2
ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1
ത𝑄𝑁

ത𝑄𝑁−1 ⋯ ത𝑄1𝐸0 =

ത𝑄1𝐸𝑁−1 = ത𝑄1 ⋯ ത𝑄𝑁−2𝑄𝑁−1
ത𝑄𝑁−2 ⋯ ത𝑄1

⋮

⋮

ത𝑄𝑚−1 ≔ 𝐼 − 𝑄𝑚 



Step 2: POVM Construction

𝐸𝑁 =

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1𝑄𝑁
ത𝑄𝑁−1 ⋯ ത𝑄1

𝐸1 =

𝐸2 =

𝐸𝑚 =

𝑄1

ത𝑄1𝑄2
ത𝑄1

ത𝑄1 ⋯ ത𝑄𝑁−1
ത𝑄𝑁

ത𝑄𝑁−1 ⋯ ത𝑄1𝐸0 =

𝐼

𝐸𝑁−1 = ത𝑄1 ⋯ ത𝑄𝑁−2𝑄𝑁−1
ത𝑄𝑁−2 ⋯ ത𝑄1

⋮

⋮

ത𝑄𝑚−1 ≔ 𝐼 − 𝑄𝑚 



Step 3: Error Analysis

Err 𝜆1𝑄1, … , 𝜆𝑁𝑄𝑁; 𝐸𝑚 𝑚=0
𝑁 = σ𝑚=1

𝑁 𝜆𝑚 (1 − Tr 𝑄𝑚𝐸𝑚 ) 

𝜆𝑚Tr 𝑄𝑚𝐸𝑚

𝐸𝑚 = ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

= Tr 𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1 𝜆𝑚𝑄𝑚

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚



Quantum Union Bound

𝜌Pr 𝑡=1ڂ
𝑚 ℰ𝑡 ≤ σ𝑡=1

𝑚 Pr
𝜌

ℰ𝑡  

⇔ 1 − Pr 𝑡=1ځ
𝑚 ℰ𝑡 ≤ σ𝑡=1

𝑚 Pr
𝜌

ℰ𝑡
c  𝜌

Fail Loss

 Classical Union Bound

 Quantum Union Bound



Quantum Union Bound

𝜌Pr 𝑡=1ڂ
𝑚 ℰ𝑡 ≤ σ𝑡=1

𝑚 Pr
𝜌

ℰ𝑡  

⇔ 1 − Pr 𝑡=1ځ
𝑚 ℰ𝑡 ≤ σ𝑡=1

𝑚 Pr
𝜌

ℰ𝑡
c  𝜌

Fail Loss

Quantum Union Bound [Gao, Oskouei–Mancini–Wilde, O’Donnell –Venkateswaran] 

Fail ≤ 4Loss

Tr 𝜌 − Tr Π𝑚 ⋯ Π1𝜌Π1 ⋯ Π𝑚 ≤ 4 σ𝑡=1
𝑚 Tr[ 𝐼 − Π𝑡 𝜌] 

 Classical Union Bound



Quantum Union Bound via DPI

 Quantum Union Bound: Fail ≤ 4Loss

𝐿𝛼 Loss ≤ 1 − Fail 𝛼𝑄𝛼
𝕄 𝜌𝑚‖𝜌 + Fail𝛼Loss1−𝛼 , ∀𝛼 ∈ 0,1

 O’Donnell –Venkateswaran Inequality: 1 ≤ Succ 𝐹 𝜌𝑚, 𝜌 + Fail Loss

 Quantum Union Bound via DPI:

𝐿𝛼 Loss ≔ ൜
1

1 + Loss 1−2𝛼 1
2

≤ 𝛼 ≤ 1

0 < 𝛼 ≤ 1
2



Step 3: Error Analysis

Err 𝜆1𝑄1, … , 𝜆𝑁𝑄𝑁; 𝐸𝑚 𝑚=0
𝑁 = σ𝑚=1

𝑁 𝜆𝑚 (1 − Tr 𝑄𝑚𝐸𝑚 ) 

𝜆𝑚Tr 𝑄𝑚𝐸𝑚

𝐸𝑚 = ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1

= Tr 𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1 𝜆𝑚𝑄𝑚

ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚

⇒ 𝜆𝑚Tr 𝑄𝑚 − 𝜆𝑚Tr 𝑄𝑚𝐸𝑚 ≤

4Tr 𝑄1𝜆𝑚𝑄𝑚

4Tr 𝑄2𝜆𝑚𝑄𝑚

4Tr 𝑄𝑚−1𝜆𝑚𝑄𝑚

4Tr ത𝑄𝑚𝜆𝑚𝑄𝑚

⋮ 4 σ𝜈<𝑚 𝜆𝑚Tr 𝑄𝜈𝑄𝑚  



Step 3: Error Analysis

Err 𝜆1𝑄1, … , 𝜆𝑁𝑄𝑁; 𝐸𝑚 𝑚=0
𝑁 = σ𝑚=1

𝑁 𝜆𝑚 (1 − Tr 𝑄𝑚𝐸𝑚 ) 

4 σ𝜈<𝑚 𝜆𝑚Tr 𝑄𝜈𝑄𝑚  ≤ σ𝑚=1
𝑁  

= 4 σ𝑚=1
𝑁 σ𝜈<𝑚 𝜆𝑣 ∧ 𝜆𝑚 Tr 𝑄𝜈𝑄𝑚  

𝜆1 ≥ 𝜆2 ≥ 𝜆3 …
= 4 σ𝑖<𝑗 σ𝑘,ℓ 𝜆𝑖𝑘 ∧ 𝜆𝑗ℓ Tr 𝑄𝑖𝑘𝑄𝑗ℓ  

= 4 σ𝑖<𝑗 Tr 𝑃𝑖𝑗 ∧ 𝑄𝑖𝑗  
□

𝐸𝑚 = ത𝑄1 ⋯ ത𝑄𝑚−1𝑄𝑚
ത𝑄𝑚−1 ⋯ ത𝑄1



Credit to prior work

 The idea of pairwise bounds   

σ𝑚=1
𝑁 σ𝜈<𝑚 𝜆𝑣 ∧ 𝜆𝑚 Tr 𝑄𝜈𝑄𝑚 = σ𝑖<𝑗 σ𝑘,ℓ 𝜆𝑖𝑘 ∧ 𝜆𝑗ℓ Tr 𝑄𝑖𝑘𝑄𝑗ℓ  

 Maximum-likelihood decision rule: 

 Every outcome Ƹ𝑖 should be assigned to the hypothesis with the largest weighted 
likelihood 𝑝𝑖𝜌𝑖

 Sorting – high-eigen subspaces get priority; low-eigen subspaces absorb the error.



Comparisons to [Li’16]

This work [Li’16]

Pairwise bound 4 σ𝑖<𝑗 Tr 𝑃𝑖𝑗 ∧ 𝑄𝑖𝑗  𝑓 𝜌𝑖 𝑖=1
𝑀 σ𝑖<𝑗 Tr 𝑃𝑖𝑗 ∧ 𝑄𝑖𝑗  

Measurement POVM 𝐸𝑚 𝑚=0
𝑁 PVM Π𝑖 𝑖=0

𝑀

Subtraction/
orthogonalization

No Yes



POVM Intuition

 Preserve the highest-eigenvalue subspace ⇒ 𝐸1 = 𝑄1

Err 𝜆1𝑄1, … , 𝜆𝑁𝑄𝑁; 𝐸𝑚 𝑚=0
𝑁 = σ𝑚=1

𝑁 𝜆𝑚 (1 − Tr 𝑄𝑚𝐸𝑚 ) 

⇒ 𝜆1 does not contribute to Err

or ത𝑄1𝑄2
ത𝑄1𝐸2 = 𝑄2

ത𝑄1𝑄2

 Others:

or 𝐼 − 𝐸1𝑄2 𝐼 − 𝐸1?



POVM Intuition

𝜆1 ≥ 𝜆2 ≥ 𝜆3

𝜆1, 𝑄1 , 𝜆2, 𝑄2 , 𝜆3, 𝑄3

𝑄1

𝑄2𝑄3

𝐸2 = ത𝑄1𝑄2
ത𝑄1

𝐸1 = 𝑄1

𝐸3 = ത𝑄1
ത𝑄2𝑄3

ത𝑄2
ത𝑄1

𝐸0 = ത𝑄1
ത𝑄2

ത𝑄3
ത𝑄2

ത𝑄1

No subtractions for overlaps



Part II: Harmonic -Mean Bounds



Harmonic Means

 Definition  (Kubo –Ando harmonic operator mean). Let 𝑠 ∈ 0,1 .

𝐴!𝑠 𝐵 ≔ 𝐴 𝑠𝐴 + 1 − 𝑠 𝐵 −1𝐵

= 1 − 𝑠 𝐴−1 + 𝑠𝐵−1 −1

 Definition  (Petz–Nussbaum–Szkoła harmonic mean). Let 𝑠 ∈ 0,1 .
For 𝐴, 𝐵 ≥ 0 with the Nussbaum–Szkoła distributions 𝑃, 𝑄 , 

HM𝑠 𝐴, 𝐵 ≔ Tr 𝑃!𝑠 𝑄 = σ𝑖,𝑗 𝑎𝑖!𝑠 𝑏𝑗 ⋅ 𝑢𝑖 𝑣𝑗
2

 



Monotone Metrics

 Let Δ𝐴|𝐵 𝑋 ≔ 𝐴𝑋𝐵 be the relative modular operator. 

 For any CPTP map 𝒩,

HM𝑠 𝐴, 𝐵 = ⟨𝐵 Τ1 2, 𝑓𝑠 Δ𝐴|𝐵 𝐵 Τ1 2⟩

𝑓𝑠 𝑥 =
𝑥

𝑠𝑥+(1−𝑠)
 is operator monotone for 𝑠 ∈ (0,1)

HM𝑠 𝐴, 𝐵 ≤ HM𝑠 𝒩 𝐴 , 𝒩 𝐵



Harmonic -Mean Bounds

 For 𝐴, 𝐵 ≥ 0 with the Nussbaum–Szkoła distributions 𝑃, 𝑄    

Tr 𝐴1−𝑠𝐵𝑠

𝑠 ∧ (1 − 𝑠)HM𝑠 𝐴, 𝐵 ≤

≤

≤ HM𝑠 𝐴, 𝐵

Tr 𝑃 ∧ 𝑄

𝑠 ∧ (1 − 𝑠)≤ ቊ

Tr 𝑃 ∧ 𝑄𝑠 ∧ (1 − 𝑠)

Tr 𝐴 ∧ 𝐵



2 Err𝑝
⋆ 𝑃, 𝑄1

2
 Err𝑝

⋆ 𝑃, 𝑄 ≤ Err𝑝
⋆ 𝜌, 𝜎 ≤















Intuition of The HM𝑠 Bounds

 Denote the noncommutative quotient

Tr 𝐴 ∧ 𝐵

𝑋

𝑌
≔ 𝑌−

1
2 𝑋𝑌−

1
2

Tr 𝐴
𝐵

𝐴 + 𝐵
 ≤ ≤  2 Tr 𝐴

𝐵

𝐴 + 𝐵

Tr 𝑃 ∧ 𝑄Tr 𝑃
𝑄

𝑃 + 𝑄
 ≤ ≤  2 Tr 𝑃

𝑄

𝑃 + 𝑄

[Pretty-good measurement][Cheng’23]



Representations of HM𝑠

 (Infimum representation)

HM𝑠 𝐴, 𝐵 = inf
𝑋

1
1−𝑠Tr 𝐼 − 𝑋 †𝐴 𝐼 − 𝑋 + 1

𝑠Tr 𝑋𝐵𝑋†



Lower Bound Proof

HM𝑠 𝐴, 𝐵 = inf
𝑋

1
1−𝑠Tr 𝐼 − 𝑋 †𝐴 𝐼 − 𝑋 + 1

𝑠Tr 𝑋𝐵𝑋†

 Choose the Holevo–Helstrom test 𝑋0 = 𝐴 ≥ 𝐵  as a feasible operator

≤ 1
1−𝑠Tr 𝐼 − 𝑋0

†𝐴 𝐼 − 𝑋0 + 1
𝑠Tr 𝑋0𝐵𝑋0

†

= 1
1−𝑠Tr 𝐴 𝐼 − 𝑋0 + 1

𝑠Tr 𝐵𝑋0

≤ 1
1−𝑠 ∨ 1

𝑠 ⋅ Tr 𝐴 𝐼 − 𝑋0 + Tr 𝐵𝑋0

= 1
1−𝑠 ∨ 1

𝑠 ⋅ Tr 𝐴 ∧ 𝐵
□



Representations of HM𝑠

 (Infimum representation)

HM𝑠 𝐴, 𝐵 = inf
𝑋

1
1−𝑠Tr 𝐼 − 𝑋 †𝐴 𝐼 − 𝑋 + 1

𝑠Tr 𝑋𝐵𝑋†

HM𝑠 𝐴, 𝐵

= sup
𝑌=𝐴0𝑌𝐵0

Tr 𝑌 + 𝑌† − 1 − 𝑠 Tr 𝑌†𝐴−1𝑌 − 𝑠Tr 𝑌𝐵−1𝑌†

 (Supremum representation)



Upper Bound Proof Sketch

HM𝑠 𝐴, 𝐵 = sup
𝑌=𝐴0𝑌𝐵0

Tr 𝑌 + 𝑌† − 1 − 𝑠 Tr 𝑌†𝐴−1𝑌 − 𝑠Tr 𝑌𝐵−1𝑌†

Tr 𝐴 ∧ 𝐵 ≤ HM𝑠 𝐴, 𝐵

 Starting from the supremum representation

In the commuting case 𝐴, 𝐵 = 0, choosing 𝑌0 = 𝐴 ∧ 𝐵 would work.

In the noncommuting 𝐴, 𝐵 ≠ 0, however, 𝐴 ∧ 𝐵 ≱ 0 



Tr 𝐴 ∧ 𝐵 𝐴 𝐴 ∨ 𝐵 −1𝐵Tr  

𝐴 𝑠𝐴 + 1 − 𝑠 𝐵 −1𝐵 

=

𝐴
𝐵

𝐴 ∧ 𝐵

𝐴 ∨ 𝐵

𝐴 − 𝐵 + 𝐴 − 𝐵 −

𝐴 − 𝐵 − 𝐴 − 𝐵 +

Tr 𝐴 ∨ 𝐵 − 𝐴 − 𝐵 − 𝐴 ∨ 𝐵 −1 𝐴 ∨ 𝐵 − 𝐴 − 𝐵 +

𝐴 − 𝐵 − ⊥ 𝐴 − 𝐵 +



Upper Bound Proof Sketch

HM𝑠 𝐴, 𝐵 = sup
𝑌=𝐴0𝑌𝐵0

Tr 𝑌 + 𝑌† − 1 − 𝑠 Tr 𝑌†𝐴−1𝑌 − 𝑠Tr 𝑌𝐵−1𝑌†

Tr 𝐴 ∧ 𝐵 ≤ HM𝑠 𝐴, 𝐵

 Starting from the supremum representation

⇒ Choose the feasible non-Hermitian 𝑌0 = 𝐴 𝐴 ∨ 𝐵 −1𝐵 works



I.I.D. Asymptotics

1
2 Err𝑝

⋆ 𝑃, 𝑄 ≤ Err𝑝
⋆ 𝜌, 𝜎 ≤ ൝

2 Err𝑝
⋆ 𝑃, 𝑄

 𝑝𝛼⋆
ҧ𝑝1−𝛼⋆

e−𝐶 𝜌,𝜎
 One-shot bounds:

 Under standard Cramér’s conditions

Err𝑝
⋆ 𝑃⊗𝑛, 𝑄⊗𝑛 =

1 + 𝑜 1  𝑝𝛼⋆
ҧ𝑝1−𝛼⋆

𝛼⋆ 1 − 𝛼⋆ 2𝜋𝑛𝑉𝛼⋆(𝑃 𝑄
e−𝑛 𝐶 𝑃,𝑄

First order

+ 𝑛 ⋅ 0

Second order

Third order

Fourth order Fifth order



I.I.D. Asymptotics

1
2 Err𝑝

⋆ 𝑃, 𝑄 ≤ Err𝑝
⋆ 𝜌, 𝜎 ≤ ൝

2 Err𝑝
⋆ 𝑃, 𝑄

 𝑝𝛼⋆
ҧ𝑝1−𝛼⋆

e−𝐶 𝜌,𝜎
 One-shot bounds:

 Under standard Cramér’s conditions

Err𝑝
⋆ 𝜌⊗𝑛, 𝜎⊗𝑛 ≍

 𝑝𝛼⋆
ҧ𝑝1−𝛼⋆

𝛼⋆ 1 − 𝛼⋆ 2𝜋𝑛𝑉𝛼⋆(𝜌 𝜎
e−𝑛 𝐶 𝜌,𝜎



I.I.D. Asymptotics – Multiple

1

2
max
𝑖<𝑗

Err⋆ 𝑝𝑖𝑃𝑖𝑗 , 𝑝𝑗𝑄𝑖𝑗 ≤ Err⋆ 𝑝1𝜌1, … , 𝑝𝑀𝜌𝑀   One-shot bounds:

 Under standard Cramér’s conditions

Err⋆ 𝑝1𝜌1
⊗𝑛, … , 𝑝𝑀𝜌𝑀

⊗𝑛  ≍  
 𝑝𝛼𝑖𝑗

⋆

ҧ𝑝1−𝛼𝑖𝑗
⋆

𝛼𝑖𝑗
⋆ 1 − 𝛼𝑖𝑗

⋆ 2𝜋𝑛𝑉𝛼𝑖𝑗
⋆ (𝜌 𝜎

e−𝑛 𝐶 𝜌1,⋯,𝜌𝑀 σ
argmin𝑖,𝑗

𝐶 𝜌𝑖 , 𝜌𝑗

≤ 4 σ𝑖<𝑗 Err⋆ 𝑝𝑖𝜌𝑖 , 𝑝𝑗𝜌𝑗  



Finale Why Petz ?

Why Nussbaum–Szkoła Distributions ?

Spectral Maximum -Likelihood Decision
High -eigen subspaces gets priority; low-eigen subspaces absorb error

ത𝑄1𝑄2
ത𝑄1

𝑄1

ത𝑄1
ത𝑄2𝑄3

ത𝑄2
ത𝑄1

𝑄1

𝑄2𝑄3

Spectral Overlaps , e.g. Tr[𝑃 ∧ 𝑄], HMs
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