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Multiple Quantum Hypothesis Testing

State ‘ Measurement =
? =
P1 P1 Hl' (o0 R\
Multiple P2 P2 H,?
Hypotheses outcome H4 !
{H{,H,, ..., Hy} : :

. -;o Pm M

8 Pum POVM {Ai}i=1 Hy,?

» Optimal error probability

Err*(p101, o, PpPM) = inf 1—YL pTr[p;A]
POVM {A; 312,



Holevo-Helstrom & Yuen-Kennedy-Lax Thms.

Err* (p1p1, - DuPm) = Liey Tr[pipi] — inf { Tr[H] : H = pip; }

Err*(4,B) = Tr|[A+ B] — Tr[Av Bl =Tr|A A B]

A+ B+ |A—B|
2

AV B € argmin,_,+{Tr[H] : H =2 A H = B} =

A+ B —|A—B|

ANB € argmax,_p+{Ir[H] : H <A H < B} = >




Chernoff Exponents

1
Chernoff(py, ..., pm) = lirrlrlglf — ﬁlog Err” (P1P? " pMp%) n)

1
Chernoff(p, py) = li,rlrl)&?f_ - log Err* (P1Pf§m, p2p2®n)



Binary Hypothesis Testing

a€(0,1)

C(p,0) = sup (1- a)Da(plla)}

[Audenaert et. al.07]

uantum Chernoff Bound
? ) o :> Err*(pp®", ﬁa®") < e~ nC(p.0)
Err*(pp,po) < Trl(pp)* (o) %]

[Nussbaum-Szkota’ 09]

* Rdn = - Xn 1 * Xdn =NAXn
Nussbaum-Szkola Lower Bound :> Err*(pp®™, po®") = Err* (pP®", pQ®")

Err*(pp, po) = %Err*(pP, pQ) > 1o—nC(P,Q)-0(n)

—nc(p,o)—o(n)

g



Nussbaum-Szkota Distributions
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THE CHERNOFF LOWER BOUND FOR SYMMETRIC QUANTUM
HYPOTHESIS TESTING

B - Zl bl vl ) (vl | BY MICHAEL NUSSBAUM! AND ARLETA SZKOFEAZ2

Cornell University and Max Planck Society

P(i,j) = ZiaiKui‘vj)‘z , Q0 J) = X; bj\(ui\vjﬂz

» (Positivity) A,B=>0=P,Q = 0;A° < B® = P% < @°
» (Trace preserving) Tr|A] = Tr|P], Tr|B] = Tr|Q]
» (Factorization) A=A RQ4,,B=B, KB,
=P =P, ®P,0 =01 Q-
> (Petz) Do (AllB) = - log Tr [4°B™~%] = Do (P1|Q)



Multiple Hypothesis Testing

DISCRIMINATING QUANTUM STATES:
THE MULTIPLE CHERNOFF DISTANCE'

By KE L1

IBM T.J. Watson Research Center and Massachusetts Institute of Technology

Multiple Quantum Chernoff Bound

Err”™(p1p1, -, PmPm) < f(spec(ppD X e nC(Pip))

i<j

Converse

Err* (P1P1®n' & pMp%m)
> max Err”* (pip? "piP} n)

Achievability

Err* (pp2", ... owp ™)
<(n+1?%*2M? Yy e 1C(Pip))

<] 1<j
i<j
— . . —nC ;0 _O(n)
< (Tl + 1)2dM4 max e nC(pl,p]) E q]%xe (Pl P])

i<j



Characterizations via Petz \ {P

Chernoff(pq, pz) = C(p1, p2) = SI(JOpl)(l — a)Dq(p1llp2)
aec(0,

Chernoff(p4, ..., pp) = C(p4, ..., pyy) = r{lil]n C(pip;)

n ll/3/5/5/5¢/

>N



Multiple Chernoff Bound in Infinite Dimensions?
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DISCRIMINATING QUANTUM STATES:
THE MULTIPLE CHERNOFF DISTANCE!

BY KE LI

IBM T.J. Watson Research Center and Massachusetts Institute of Technology

We wonder whether the states-dependent factor f(r, T') can be replaced by a
constant, or at least can be improved such that it only depends on r (see also a
similar conjecture made in [2]). While it 1s possible that we can improve Lemma 6




Relation to Composite Hypothesis Testing

Chernoff(p, {0, 1}) =

1
lim inf ——log inf {plTr[p‘X’"(I — T)] + p, Tr[a®”T] V TF[T®nT]}

n—oo n 0<T=I
Chernoff(p, o,7) < Chernoff(p,{o,1}) < C(p,0) AC(p, T)
Chernoff(p, {0, 1})

Chernoff(p, o,7) = min< Chernoff(o, {p, 7})
Chernoff(z,{o, p})




[ ]
St r 1 Ctn e S S IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 2, FEBRUARY 2022

On the Error Exponents of Binary State
Discrimination With Composite Hypotheses

Mildn Mosonyi ™, Zsombor Szilagyi, and Mihdly Weiner

V(o,1),3p : Chernoff(p,{o,7}) < C(p,0) AC(p,T)

If further Chernoff(o,{p,1}) < C(o,p) A C(0,T)

>{< C(p,0)
Chernoff(p, o, 7) = min< C(p, )
C(o, 1)



Interesting Observations

{f Chernoff(p, ,7) < Chernoff(a, {p, }) T e o
kChernOff(p) 0, T) < Chern()ff('l', {p’ O'}) must be “=“
0

Chernoff(p,{og,1}) < C(p,0) A C(p, T)
= C(o,7) =C(p,0,T)

C(p, 0-) C(p, T)
C(o,7) =C(p,0,1)
= Chernoff(o, {p,}) = Chernoff(t,{p,o}) = C(0, 1)

C(o, 1)



Summary so far

Quantum Chernoff Bound Nussbaum-Szkola Lower Bound

Err* (pp, po) < Tr[(pp)® (po) L] Err*(pp, po) = Err* (pP, pQ)

Multiple Quantum Chernoff Bound
Err* (D11, - Pupu) < f(Ispec(p)l) 3, e mCPers)

i<j

Flspec(p)l) = = (M = 1)? max {Ispecp)l?} +3 > 4

i=1,...M



Part I: One-Shot Pairwise Bound
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One-Shot Pairwise Bounds

» Let A4, ..., Ay be positive semidefinite trace-class operators, and let
(PY, QY) be the Nussbaum-Szkota distributions of the pair (Al, ])

Err (44, ...,Ay) < 42 Err*(Pij, Qij)

i<j

; 8 Err* (4, ])

. 4 Zi<j Tr[A1 S”BS”]

» Multiple Quantum Chernoff bound for i.i.d. 4; = p; p? iy

Err* ('plp?n, ...,pMpﬁ?n) <4(M -1

)e—n C(p1,--»PM)




Step 1: Fine-Graining



Step 1: Fine-Graining

Ay =41Q11 + 415015 + -+ A1, Qqp + -+ 414014

Ay =251Q1 + 455Q5, + -+ A5, Q0 + -+ 4,40Q414

Ay = Apy1Qmr + Ap2Qpz + - + Ay Qui + - + Apra Qumia



Step 1: Fine-Graining

(Airer Qire) i

(/11, Ql)' (/12, Qz), S.t. /11 = /12 = /13

= A; = 21 ik Qi = Lmeicm)=i Am@m



Step 1: Fine-Graining

Err (4., ...,A4,) < Err*(1,0Q, ..., 1,0Qy)



Step 2: POVM Construction

E, = Q1

E, = Q:Q,0,

E. := 0,0, 0.0, 10
Fvi= G Qo sQu Qo)

Ey = 61 éN—lQNéN—l (_?1
Eo = @1 éN—léNéN—l @1

Q1 =1-Qn |




Step 2: POVM Construction

E, = Q1

E, = Q:Q,0,

E. := 0,0, 0.0, 10
Fvi= G Qo sQu Qo)

Ey = 61 éN—lQNéN—l (_?1
Eo = @1 éN—léNéN—l @1

\

S

Q1 =1-Qn |

Q-+ Qn-1-



Step 2: POVM Construction

E, = Q1

E, = Q:Q,0,

E. := 0,0, 0.0, 10
Fvi= G Qo sQu Qo)

Ey = 61 éN—lQNéN—l (_?1
Eo = @1 éN—léNéN—l @1

\

S

Q1 =1-Qn |

él éN—Z él



Step 2: POVM Construction (Ono1=1-0Cm |

E, = Q1

E, = Q:Q,0,

E. := 0,0, 0,0, 10 -
Fvi= G QusOn Qoo

Ey = 61 éN—lQNéN—l (_?1
Eo = @1 éN—léNéN—l @1 y

g Q1 -+ Q-1+ Q1




Step 2: POVM Construction

E, = Q1

E, = Q:Q,0,

E. := 0,0, 0.0, 10
Fvi= G Qo sQu Qo)

Ey = 61 éN—lQNéN—l (_?1
Eo = @1 éN—léNéN—l @1

S

Q1 =1-Qn |




Step 2: POVM Construction

Ey = Q1

E, = Q:Q,0,

E :: 0,0, 10,0, 0
By = G QusQuiGus )

Ey = 61 éN—lQNéN—l (_?1
Eo = @1 éN—léN@N—l @1

S

Q1 =1-Qn |




Step 3: Error Analysis [E”” = 01 Q1 Q@ @1}

EI‘I‘(/11Q1, :ANQN; {Em %:o) — Z%=1 Am (1 - Tr[QmEm])

AmTr[QmEm] — Tr[Qm@m—l Ql (AQO)él ém—lQm]



Quantum Union Bound

» Classical Union Bound Pro{Us=1 &} < Xi=1 I;r{é‘t}

S 1 - Prp{ﬂ?l1 Et} < Nisq [;r{gg}

. J . J
Y Y

Fail L.oss

» Quantum Union Bound

RESEARCH ARTICLES | 09 JAN 2019

Union bound for quantum information processing ©
Quantum Union bOUndS fOr Sequential prOjective Samad Khabbazi Oskouei; Stefano Mancini; Mark M. Wilde &4
measu reme nts —+ Author & article information

Proc. A (2019) 475 (2221): 20180612 .

Jingliang Gao*

showmore The Quantum Union Bound made easy

Authors: Ryan O'Donnell and Ramgopal Venkateswaran =~ AUTHORS INFO & AFFILIATIONS

Phys. Rev. A 92, 052331 - Published 24 November, 2015

Pages 314 - 320 « https://doi.org/10.1137/1.9781611977066.25




Quantum Union Bound

» Classical Union Bound Pro{Us=1 &} < Xi=1 Pr{Et}
Pr{ﬂ L1 &) S Xt 1Pr{5tc}
Fail Loss

—[Quantum Union Bound [Gao, Oskouei-Mancini-Wilde, O’'Donnell-Venkateswaran] j

Fail < 4Loss

Tr(p] — Tr[Ily, - Ty pIly -+ T, | < 4 342, Tr[(T — 1) p]




Quantum Union Bound via DPI

» Quantum Union Bound: Fail < 4Loss

» O’Donnell-Venkateswaran Inequality: 1 < v/Succ F(p,,, p) + VFail vLoss

» Quantum Union Bound via DPI:

L,(Loss) < (1 — Fai)*QM (p.,,||p) + Fail®*Loss'~%,Va € (0,1)

1 0
Lo(Loss) = {(1 + Loss)1 2@ Z
2

IN A
IN A
= N

a
a




Step 3: Error Analysis [Em = 01 Q1 Q@ Ql}

Err(/llQl, o, Ay O {E, %:o) = Z%=1 Ay (1 = Tr[QE )

AmTr[QmEm] — Tr[Qm@m—l él (AQO)él ém—lQm]
4TI‘:Q1/‘[QO: \
/‘LmTr[Qm] — AmTr[QmEm] < 4TF:Q%/1QO:

4‘Tr[Qm—l/lm Qm]

ATr|Q AT,

>4 X <m An TT[Q) Qs |

S



Step 3: Error Analysis [Em = 01 Q1 Q@ @1}

Err(/llQl, o, Ay O {E, %:o) = Z%=1 Ay (1 = Tr[QE )

< Z%zl 4 Zv<m AmTr[Qv Qm]
=4YN_. ¥ ..(A, AL,)Tr[0Q,0,,]
=4 Zi<j Zk,f(ﬁik A Ajﬁ)Tr[QikQﬂ]

— 4Zi<j Tr[Pij A Qij]
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DISCRIMINATING QUANTUM STATES:
THE MULTIPLE CHERNOFF DISTANCE!

BY KE LI

2 MaXimum —likeliho O d de CiSion rule: IBM T.J. Watson Research Center and Massachusetts Institute of Technology

» Every outcome [ should be assigned to the hypothesis with the largest weighted
likelihood p; p;
» Sorting — high-eigen subspaces get priority; low-eigen subspaces absorb the error.

=1 2vem@Ay A ) Tr[Q, Q] = X< Y oA A i) Tr| Qi Qi




Comparisons to [Li'16]

I T

Pairwise bound 4 Y, Tr[PY A QY]  f({p:i}il,) Xic; Tr|PY A QY]

Measurement POVM {E, .}V _, PVM {I1, }i%,

Subtraction/
orthogonalization

No Yes



POVM Intuition

» Preserve the highest-eigenvalue subspace = E; = Q,

Erl‘(/11Q1: v AnQus AE %:0) = Z%=1 Ay (1 = Tr|QE )

= A, does not contribute to Err

» Others:

E, = Qz(_th or 61Q2@1 or \/I —E1Q2\/1 —E;?



POVM Intuition

(1

QB ‘QZ

(Al; Ql)i (Az, QZ)I (/13’ Q3)

A=Ay = s

E, = 1
E, = Q1Q2@1
ks = Q1@2Q3@2@1

Ey = 0102050204

No subtractions for overlaps




Part II: Harmonic-Mean Bounds
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Harmonic Means

» Definition (Kubo-Ando harmonic operator mean). Let s € (0,1).
A B:=A(sA+ (1 -5s)B)™ B
=((1-s)A"1+ SB_l)_l

» Definition (Petz—Nussbaum-Szkota harmonic mean). Let s € (0,1).
For A, B = 0 with the Nussbaum-Szkota distributions (P, Q),

HM, (A, B) = Tr[Pls Q] = X ; ails by - [(u|vy)|”



Monotone Metrics l

» Let Ay p(X) := AXB be the relative modular operator.

HM;(4, B) = (BY2, f,(A45)BY/?)

fs(x) =

Sx+( S)

» For any CPTP map WV,

Monotone metrics on matrix spaces

Dénes Petz12* & Show more v

is operator monotone for s € (0,1)

HM; (A, B) < HM(V(4), V(B))




Harmonic-Mean Bounds

» For A4, B = 0 with the Nussbaum-Szkota distributions (P, Q)

sA(1—5s)HM (4, B) < Tr[AAB] <HM (4,B) < { sA(l-5s)
= Tr[A'=5B"]
sA(1—5)Tr|P AQ]

{ Tr|P A Q]




~Err;(P,Q) < Erry(p,0) < 2 Erry (P, Q)



0.6

0.5

0.4

0.3

0.2

0.1

Comparison of Error Metrics over Parameter s
I \

— — Tr[AA B]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

parameter s € [0, 1]



Comparison of Error Metrics over Parameter s
I \

0.6 I I | | |

— Tr[A"® BS]

0.5 -

— — Tr[AA B]

01 n

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
parameter s € [0, 1]




Comparison of Error Metrics over Parameter s
I \

0.6 I I | | |
— Tr[A"® BS]
HM (A,B)
05 S
— — Tr[AA B]

02 — . . i —

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
parameter s € [0, 1]




0.6

0.5

0.4

0.3

0.2

0.1

etrics over Parameter s

Comparison of Error M
I \

parameter s € [0, 1]

[ [ [ [ [
—Tr[PA Q] / min(s, 1-s)
— Tr[A"® BS]
HM_(A.B)
— — Tr[AA B]
1 | | | | | | | 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9




Comparison of Error Metrics over Parameter s
I \

—Tr[PA Q] / min(s, 1-s)
——Tr[A"S BS]

HM _(A,B)
— — Tr[AA B]
_HMS(A,B) x min(s, 1-s)

0.4

0.3

0.2

0.1

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
parameter s € [0, 1]




0.6

0.5

0.4

0.3

0.2

0.1

etrics over Parameter s

Comparison of Error M
I \

—Tr[PA Q] / min(s, 1-s)
— Tr[A"® BS]
HM_(A.B)

= = Tr[AA B]
_HMS(A,B) x min(s, 1-s)

——Tr[PA Q] x min(s, 1-s)

04 0.5 0.6
parameter s € [0, 1]



Intuition of The HM. Bounds

» Denote the noncommutative quotient —:=Y 2 XY 2

Tr

A

Tr|P

B

Q

P+Q!

[Cheng’23]

<

i A+7

<

X

1

1

[Pretty-good measurement]

Tr|A A B]

Tr|P A Q]

<

<

2 Tr

\_

2 Tr|P

- A+B

Byt |




Representations of HM

» (Infimum representation)

M4, B) = inf{sTe [0 = 0740 = 0] + 21 [xBxT])




Lower Bound Proof

» Choose the Holevo-Helstrom test X, = {A = B} as a feasible operator

4. ) = el [0 - 0"a0 - 0] + e [xx )

< 1 Tr [(1 — XO)TA(I — XO)] + %Tr [XOBXJ]

S

=
—Tr[A(I — Xo)] + iTr[BX,]

S

IA

(£ V1) (Tr[AU — X)] + Tr[BX,])

= (= V1) Tr[AAB]



Representations of HM

» (Infimum representation)

M(4,8) = inf{sTe [0 = 0740 - 0] + v [x5x ]

» (Supremum representation)

HM (4, B)

= sup e |y +vT| - @=-9)Tr|vyTa-ty| - sTr|vB-1rT|]
Y=A"YB




Upper Bound Proof Sketch { Tr[A A B] < HM,(4, B) J

» Starting from the supremum representation
HM.(4,B) = sup {Tr [Y + Y*] — (1= 3)Tr [Y*A—W] _ STr [YB*Y*]}

Y=A0YBO

In the commuting case [4, B] = 0, choosing Y, = A A B would work. @

In the noncommuting |4, B] # 0, however, AAB £ 0



A(sA+ (1 —-5s)B) !B

—

Tr[AANB] = Tr[A(AvV B) 'B]

AVB

“‘V\(AB)

p TrlAVvB—(A—B)_ )(AVB) 1(AvB—(A-B),)]

(A—B), (A—B)_ \ /

(A-B)-L(A-B),




Upper Bound Proof Sketch [ Tr[A A B] < HM,(4, B) J

» Starting from the supremum representation

HM,(4,8) = sup {Tr [Y +yt ] — (1= 9)Tr [y+ A—ly] — STr [YB—1y+]}

= Choose the feasible non-Hermitian Yy = A(A vV B) !B works



[.I.D. Asymptotics

f

2 Erry(P,Q)

. 1 s *
» One-shot bounds: > Erry, (P,Q) < Err, (p,o) <3 pa*ﬁl_a*e_c(p,g)
\

» Under standard Cramér’s conditions Second order
Fourth order Fifth order First order
-’ "\/_/ J }
’ \ 2 " N 2
( \ a _1_a // \ // \
Err (P®", Q¥") = (1 +\0(12’) £ XE e T EP.Q) {+vA-0,

a*(1—a*)2mnV-(PIQ) -

[

Third order



[.I.D. Asymptotics

(

2 Erry(P,Q)

. 1 * *
» One-shot bounds: > Erry, (P,Q) < Err, (p,o) <3 pa*ﬁl_a*e_c(p,g)
\

» Under standard Cramér’s conditions

a*=1—-a*

Err; (p®n, o'®n) = — I: P e~ NnC(p,o)
(1 — a*)y2mnVy-(ollo)




[.LI.D. Asymptotics - Multiple

» One-shot bounds: %rr_l<a_x Err*(pl-Pij,ijij) < Err*(p1 041, oo, PMPM)
i<J

< 43, Err*(pipipjp;)

» Under standard Cramér’s conditions

ajj=1-a;;
EFI'* (plp?n, S pMp]%n) = Z p p e—n C(Pl::pM)
zigp)fgi)j a;; (1 — al-j) \/ ZnnVa;j(plla)




| ll'ﬁlilsla/

Finale \'¢ [)

Why Nussbaum-Szkota Distributions ?

U

Spectral Overlaps, e.g. Tr|P A Q],

@ Q1

Spectral Maximum-Likelihood Decision 30,0
High-eigen subspaces gets priority; low-eigen subspaces absorb error | _ <1 °* ! _
0102030201
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