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Given a channel: A,, : A" — B"

g Hy

VS

Hy: A, = E®" € CPTP(A" — B")
Hy: A, eS8, CCPTP(A™ — B"™)



(M) Accept Hg : A, = E®"

A'n

[
|
|
!
VRAT = Un I /7{
!
[
Anp : (In _kAccept Hy: A, €8,
!

(idr ® An)(vn)
Optimal worst-case asymmetric error:

E(cRN — . . X . <
BEE"1Sn) ,,es?émmzf;fm{fi‘é%anW”M]\Tf[““’ W) M”—&“}

Notation: JT"(I/RAn) = (ldR ®JT")(VRAn)



B(E®™||S,) =  inf inf { sup Tr|F,(v)M] Tr[g@m(V)(l —M)} < 6}

VED(RA")OSMS]].RB -FnESn

D% (E%"(|Sn) = —log B°(£¥"||Sn)
If S,, is convex:

68 (g®n ||S'n) — VES?fEA") }_Slég /B€ (8®n(y) ||fn (V)) Fang, Fawzi, Fawzi (2024)

Dy (E%"||Sn) =  sup _inf Dy (E¥" (V)| Fa(v))
vED(RA") Fn€Sn



S,, closed and convex

2. Stable under tensor products:
AN, €S, A, €S = AN, QAN €Snam

3. Full rank channel 3Arr € 81 : 0 < J(Apgr) orequivalently Vp : Apr(p) > 0
Closed under permutations:

VAe S, Vre6,: A()=rnA(x" -m)nl €S,

Hayashi & Yamasaki’s alternative proof does not require 4.



S,, sets of states with Axioms:

S _, guess .
guess @

1. S, C D(H®") closed & convex

2. anSna pmesmipn@)pmesn—km

3. d(opr € S1) >0 SEP(A" : B")

. 1 . 6 ®n _ © 1 ® ®n
Am = inf Dy(p~"|lon) = lim — inf D{(p*"|ow)
Brandao & Plenio (2011)

Lami (2024)
Hayashi & Yamasaki (2024)



For a general divergence:

D(E|F) =

D(E|S) =

D3 (€7 (|1Sn) =

sup D(E)||F(v))
veED(RA)

su inf D(E(v) || F(v
Vep(gmfes (EW)F(v))

sup inf D%, (EC" (v) || Fn (v
VvED(RAR) Fn€Sn i ( W) | Fn(v))

If S c CPTP(A — B) is convex
inf sup D(EW)||F(v))= sup inf D(EW)||F(v))

FES LeD(RA)

veD(RA)F €S

Gour, Winter (2019)
Bergh, Datta, Salzmann (2024)



For IID copies of two individual channels:

! 1
lim lim —Dj (£°"(|F°") = D(E||F) = lim —D(E%"|F5")

e—0n—oco N

Fang et al., PRL. 124 (2020),
Wang, Wilde, PRR. 1, 033169 (2019).



Strong converse for simple channel discrimination

Ve € (0,1): lim D (£%"||F=") = Dre5(&||F)

lim DI (€] F) = D¥(€||F)

. 1 _
D8 (E||F) = lim — sup Dy(E®"W)||F®™(v))

Fawzi & Fawzi (2021)
Fang, Gour, Wang (2021)



EX A zeXmE@)eDA)  Ep) =Y Tr)ple)z|E(x)

reX

Consequence: Input optimization collapses

sup  D(E(v)|[F(v)) = sup D(E(|z)z|)|| F(|z)z]))

vED(RX) rEX

D"8(E|F) = D(E|F)  DIE(E|F) = Da(E||F)

— Strong converse for simple CQ channel discrimination



What can we say about D% (£€]|S) for CQ channels?

sup inf D% (E(v)||F(v)) = inf  sup Dy (EW)||F(v
oD ) Fes u(EW)|F @) e u(EW)|F@))

. Hayashi & Yamasaki (2025)
This seems to work only for CQ channels.

Dy (€S) = Inf sup Dy (& (jexz))|F(j)z])



Under the stated assumptions for S,,, assuming all channels to be CQ
and for € € (0,1) we show:

1 1
lim — D% (E9"||S,,) = hm D(5®”||S )

n—oo N,

D(E®"|S,) = sup inf D(E®"(v)||Fn(v))
veD(X'X) S nESn

= inf 21612D(c‘i@”(\@(wl)HFn(!meBD)



Goal: lim ~D5(E97|S,) < lim ~D(E®"||S,)

n—oo M n—oo T
1 1
- inf D (£ (v, ) F,(v,)) < = inf D% (E9™ (v, || FE™ ™ (v,
Ssup_inf D5y (€9 () |Fulva) < S supinf Dy (€57 ()| FS" " ()

> inf D(E®™||Fm)

Strong converse for simple 1

m—0o0 .
CQ channel discrimination —— lim —D(cc:@nHSn)
m—00 7



1
Suppose: lim — inf D% (p®"||ctH)) < lim — inf D(p®"|o,)

n—o00 N, O.(H)Esn n—00 N 0, €Sy

1
~ — D(p®™
(,0 ||Um)

1

optimizer

1
Pick: 7, = g(O’,SLH) + g®n/m oon) € Sy,

1 1
Show: lim —D(p®"||6,) < lim —D(p®"||le,) — Contradiction

n—oo M n—oo 7

Hayashi & Yamasaki (2024)



1 1
Show: lim —D(p®"||6,) < hm D(p®n|]0n)

n—o00 N

Pinchingmap 5, = Ean( Z Hzp@mH Op = Z N 11,

1 1

hm D(P®n‘|0n) = lim —D(E;, (p°")||5n)

n—oco 1
1 _ € RKn & _
= lim — | Tr[Pgpn log(pn /)] Py = {pn < 2Pa?7" 19205 3
n—o00 N,
~ ~ ~ \]T — I D ®n On) &
+ Tr[(Pp — Pp)pnlog(prn/cn) Pp = {pn <2 Vol )

+Tr[(1 — Pp)fn 10g(fn/5n)

Hayashi & Yamasaki (2024)



1
= lim — [TI‘[PHﬁn log(pn/on)

n—,oo T

+Tr[(Pp — Pu)pn log(pn/dn)

+ Tr[(1 — Py)pn log(f)n/&n):]

1 < 1PE (BN ||~
< lim —[TI[PH,On]DH(P® o)

n—oo M,

+Tr[(Pp — Pu)pn]Dpy " (0% 1|5n)

+ Tr|(1 — PH)ﬁn]nC]]

¢ = —10g(1/3 Amin(oFr))

Py = {ﬁn < QD%(P@mIl&n)(}n}

Pp = {p, < 201 "¢ lIom)g, )

Tr [ﬁ{ﬁ < 2D1€LI(P||U)O-}] > e

< lim [ED%(p®”|l5n)

n—oo | N
1 — 1N —¢& 1— n||
+ - D, n(p® ”Un)

il

Hayashi & Yamasaki (2024)



. 1 o . _5 — 1—77—5 1— ]
lim L D("6) < Jim | =D (o [5) 4+ Dl (6" ,) + e
. _6 n H 1 — nN—& 11— m n/m
R L R e A )+
@'ﬂ’
g <0 n 2 DE (57| (ED o L p(,em
v e S Hm Dy (plon™) + (1 =0 — &) = D(p™ lom) + e
6@/ ©
o0® 0 . 1 1 —¢
* ¢ lim —D5(p*"||o{) + ——=D(p*"|lom)
. 1 e (.Qn| (H) . 1 Rn
~e lim =Dy (p™{loy™) + (1 —¢) lim —D(p™"||S5)
1
< lim =D(p®"(|S,,)
n—oo 1

Hayashi & Yamasaki (2024)



Suppose:

1 1
lim — inf D5 (E9™(v)|| FH lim — _inf D(E®™ (v)|| Fn (v
B e .. w(ETWFaT W) < lim = inf sup DIET ()| Fn(va))

~ i Xm
1 ~ = D(EP™| Fn)
Pick: F 1= o (F/™ + D + A
1 1

Show: lim —D(E®"||F,) < lim —D(E®"||F,) — Contradiction
n—o00 N,

n—oo M



1 _ 1
Show:  lim ~D(E%"||%,) < Tim ~D(E%"/F,)

n—oo N

Strategy: Pick (v, € D (RA")),,, optimize over all sequences at the end

1 ~ 2 1 ~
0 = XX L K = 5 XN
B DT ) U DA )

Pinching map



1 1
If Amin(G,) > ¢ : lim —D(E5 (p®™)||6,) = hm D(p®”’||an)

n—oo 1M

Hayashi & Yamaski (2024)

oD+ o™+ ofy)

But Amin[(idr ® Fn)(Vran)] cannot be bounded

Address this by using permutation invariance. Axiom 4:

VAe S, Vre6,: A()=rnA(x" m)nl €S,



If S,, closed under permutations

inf sup D(E®™ (v )| Fo (v,
s DE )| F ()

= inf sup D(EC"™ (v || Fon (v,
Juf s DE ) Fan)

Fn perm. covariant ; )
€ . ariant
Y DETHL HTREEE Bergh, Salzmann, Datta (2023)

1 1
If G, is perm. invariant: lim —D(Es (p®°™)||6,) = lim —D(p®"||6,)
n—>oo N n—oo T

e.g. Berta, Brandao, Hirche (2021)



lim_ = D(ES™ (1)1 Fo ()= lim_ = D(Ez, (€5 (1) | F (1)

n—oo N

1

Pn = g®n(”n) Gn = Fn(Vn) pn = Es,(pn)

. 1 _ -5 _ 1 — nN—¢& 1— _
— < ... < — DS "
Tim T D(p16,) < . < lim | =D (pll3) + Dy (o) + e
7 < lim S (EC™||F) + Lon- 5D1—n(5®n”f ) + nc
f@ﬂk ~ n—oo [N 15] " n H "
3 < lim | =Dy (E7"|F7) + Dy (€77 |FR"™) +ne
Fo > n—oo | N n




Only thing missing:

1 1
lim —Dp (9| FR™) < —D(EF™ || Fim)

n—o00 N

Exactly strong converse, which we know for CQ-channels

Fawzi, Fawzi (2021)
Salek, Hayashi, Winter (2022)



1
Ve € (0,1): lim — D5 (£27||F®") = D™8(&||F)

n—oo M

GQSL-converse:

5 1
— . € XN < = . . N @ farn
- slip Fi%gn Dy (5" (vn)[|Fn(vn)) < - SBnp Fni%gm D% (EX™ (v) || F2™ ™ (vn))

n o 1 .
—, inf D™8(E¥™|| F,,)
m Fm€Sm

1 1 1 1
lim —D%(E%"|S,) < lim —D'8(£®™||S,,) = lim — _inf lim —D(E¥™™||F2")

n—oo N, m—oo M m—o0 M, Fm €Sy, N—00 71



lim ~D(EE™|S,) L lim —Drs(EEM|(S,)

n—oo N, n—,oo T

This would be sufficient for Achievability & Converse of QQ-GQSL



Part Il
Dynamical Resource Theories



* Objects can be "resourceful” or “free”

* “Free operations” don’t create resource by always mapping free
objects to other free objects

Study:
e Conversion rates: r7(O1 — O3) through free operations
* Resource monotones don’t increase under free operations.



e Resource Objects: Channels _ T&

* Interconversion/Operations: Superchannels

© : CPTP(A — B) — CPTP(A — B) [

ot =i |e | g4

* General form of a superchannel: timeé . TA°
Pre + Post-processing I : re-processing

Chiribella, Ariano, Periotti (2008)
Gour (2019)



The theory is defined through a choice of what free objects and free
operations are.

Free objects for us: For every n: Set of CQ channels &,, satisfying the

CQ-GQSL axioms:

1.

2
3.
4

Closed convex
Closed under tensor products
Full rank channel in 51

Closed under permutations



* Resource-Non-Generating (RNG) superchannels: i o 2 P i) (i)

Brandao & Gour (2015)
VFn €Sn: On(Fn) €Sn Lami & Regula (2023)

* Asymptotically RNG (ARNG) superchannels:
(©n)n : V(Fn € Sp)pn i lim d(O(F,)||S,) =0

n—oo

d(@(gn)”‘gn) — Dmax(@(gn)”‘gn) — Fi%f?n aS:IEIPPC Dmax(@(gn)(mxxl)H‘Fn(‘xxxl))



n—oo

7«(81 N 52) = sup { r >0 ‘ H(Gn)n free s.t. lim H@n(gigm) — 553)[7%1

-

The resource theory is reversible if:  7(&1 — &) = (& — 51)_1

r(€1 — &€2)



* Given: Any sets of CQ channels §,, satisfying the axioms

* Free operations: ARNG superchannels for these S,

R°°(€) := lim lD(E‘X"”’||S,n) “Regularized relative entropy of resource”

n—oo M

R>(&7)
R>(&2)

7“(51 — 52) —



e Free channels: replacer channels

S,={AcCQX — A)|3o: Adz)z|) = o Ve € X}

* The rate at which one simulates an identity channel is the capacity:
T(g — idc:lassic:al) — C(g)

e Reversibility is a reverse Shannon theorem:

r(idclassical — g) — C(g)_l



S,={AcCQX — A)|Jo: A(z)z|) = oVz € X}

D(&|Sy) = sup inf D(E(vpx)||F(vry))
vVRx E€D(RX) Fes

= sup_inf D(E(wify)|F(wiiy))
Px 1

— f D& (p) (p)
S]Evpalé%(A) (E(wpy)llwg” ®01)

=supI(R: A)

Px

5(00;?;)() — O(g),

R¥(E) = lim ~D(E%"|S,) = lim —~C(£%™) = O(€)

n—oo M n—oo M



e Qur theorem thus shows: A reverse Shannon theorem holds under
ARNG operations for

Sp={AcCQX = A)|Fo: A(lz)z|) = oVz € X}

* These ARNG operations include the operations usually considered in
reverse Shannon theorems, such as local operations with pre-shared
entanglement.

Berta et al. (2011)
Bennett et al. (2014)



|

rE = &) =r Ou[EP REE Do OnlFn € SulllSn) 5 0

Ansatz: “Test” for resource before “replacing” with 559"“"

@n[An] — Tr[An(yn)Mn]gQ(’Pn) 1 Tr[An(l/n)(]l _ Mn)]g(rn)

H,—/
~ EF™ U, M,, optimizer in D5 (EP"]|S,,)

O,[EP"] = Tr [E?n(yn)Mn]gQ(m) + Ty [E?n(yn)(ﬂ _ Mn)}g(m)
SN— ~_—_—

>1—¢ < e



rE = &) =r OB ~EE  Dpar(OnlFn € SulllSn) 5 0

=1
OnlF € Syl = Te[F () Mo |ET™ + [ F () (1 — M, )G E S,

S—
~ 9—nR=(&1)

= Dpax(27"ETEIEMIS Y L0 & Dpa(ES™)

e et

S,) = nR®(&)

— 0
O



Final ingredient:

R>*(€) = inf { lim leaX(gnHSn) lim ||E®" _g”HO :O}

(gn)n n—o00 N, n—> 00

Currently only proved for CQ channels.
Also implies that the conversion rate is optimal.

R> (&)

7“(51 — 52) — ROO(EQ)




* GQSL and reversibility of general resource theories under ARNG can be
extended to CQ-channel setting

* Given new results on channel strong converse or better understanding
of channel regularization limit there is hope this can be generalized to
QQ channels

* Thank you for listening!



